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Biological systems are organized across a hierarchy of  
scales: from genes and proteins...

Image from MIT OpenCourseWare

Image from Hannum et al., PLOS Genetics 2009
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Image from Chen et al, Scientific Reports 2019
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Genetic interactions and cellular organization impact 
human health and disease

Spatial heterogeneity in the tumor 
microenvironment 

Genetic interaction network

Costanzo et al, Science 2016
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Fernandez et al, Int J Mol Sci 2019

Cancer mutations alter 
gene networks

Leiserson et al, Nature Genetics 2015



High-throughput sequencing data enables study of  biological 
systems
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Tissue sample

Sequencing

Spatial 
sequencing 
(e.g. Slide-Seq, 10x 
Visium, …)

Genome + 
mutations

(DNA sequencing)

Gene expression
(RNA sequencing)

Computational methods needed to derive insights from large 
volume of  sequencing data



Spatial variation in gene expression
• Ma*, Chitra*, et al. RECOMB 2022 + Cell Systems.
• Chitra et al. RECOMB 2024 + in review at Nature Methods.

Spatial biology

Altered subnetwork identification
• Reyna*, Chitra*, et al. RECOMB 2020 + JCB.
• Chitra et al. ICML 2021.
• Chitra*, Park*, Raphael. RECOMB 2022 + JCB.

Network interactions 
and anomalies

Learning genetic interactions
• Chitra*, Arnold*, Raphael. In 

review at Nature Genetics.
• Shuaibi*, Chitra*, Raphael. In 

submission at RECOMB-CCB.

Machine learning + data mining
• Chitra and Raphael. ICML 2019. 
• Chitra and Musco. WSDM 2020.

My thesis: computational methods for understanding complex 
biological systems

insert

Cell-cell interactions
• Sarkar*, Chitra*, et al. In submission at 

ISMB 2024.

* indicates joint first authorship
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Ma*, Chitra*, Zhang, Raphael. RECOMB 
2022 + Cell Systems.

Chitra et al. RECOMB 2024 + in review at 
Nature Methods.

Modeling spatial variation in gene expression

Cong Ma Shirley Zhang

Ben Raphael

Brian Arnold

Hirak Sarkar Sereno 
Lopez-Darwin

Kohei Sanno
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* indicates joint first authorship



Spatially Resolved Transcriptomics (SRT)
Gene expression matrix + 
spatial coordinatesTissue sample Barcoded Grid of Spots RNA sequencing

Berglund et al. Nat 
Com. 2018

Technologies: Slide-Seq, 10x 
Visium, MERFISH, …
High-throughput: measure 1,000-20,000 genes 
at 1,000-10,000 spatial locations (each spot 
contains 1-20 cells)

+
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https://www.nature.com/articles/s41467-018-04724-5
https://www.nature.com/articles/s41467-018-04724-5


Human dorsolateral pre-frontal cortex (DLPFC) [Maynard et al., Nat Neurosci 2021]

U
M

I count
Spatially resolved transcriptomics (SRT) reveals 
new biology

Spatial domains/cell types Marker genes 
(differentially expressed across domains)

H&E stain Neuronal tissue layers
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Challenge: SRT data is very sparse!

Sparse matrix: 
>90% zeros

U
M

I count

11

Median gene has non-zero 
expression in <5% spots



Overcoming sparsity by incorporating spatial information

[Adapted from Zhao et al. Nat. Biot. 2021] 

Svensson et al., Nat. Methods 2018

Yuan and Bar-Joseph, 
Genome Biol. 2020

Hidden Markov 
Random Fields

Graph Neural 
Networks

Gaussian Processes
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Most algorithms use local models: nearby spots 
have similar cell type / expression

• Hidden Markov Random Field (HMRF): BayesSpace [Nat. Biotech 2021], 
SPICEMIX [Nature Genetics 2022], Giotto [Genome Biology 2021] , scGCO [Nat Comm 2022] …

• Graph neural networks (GNN): SpaGCN [Nature Genetics 2021], STAGATE 
[Nature Communications 2022] , SEDR [Genome Med 2024] ,…

• Gaussian Processes: SpatialDE [Nature Methods 2018], SPARK [Nature Methods 2020], 
SPARK-X Genome Biology 2021] , nnSVG [Nat Comm 2023] …



Overcoming sparsity by incorporating spatial information

Global model: Cortex is made of  layers! 
• Many layered tissues: skin, ureter, eye, …
• Can we incorporate the layered geometry in a gene 

expression model?

Annotated layers

[Adapted from Zhao et al. Nat. Biot. 2021] 

Local spatial informationMost algorithms use local models: nearby spots 
have similar cell type / expression

• Hidden Markov Random Field (HMRF): BayesSpace [Nat. Biotech 2021], 
SPICEMIX [Nature Genetics 2022], Giotto [Genome Biology 2021] , scGCO [Nat Comm 2022] …

• Graph neural networks (GNN): SpaGCN [Nature Genetics 2021], STAGATE 
[Nature Communications 2022] , SEDR [Genome Med 2024] ,…

• Gaussian Processes: SpatialDE [Nature Methods 2018], SPARK [Nature Methods 2020], 
SPARK-X Genome Biology 2021] , nnSVG [Nat Comm 2023] …

13Skin
(Foster et al., 2021)

Spatial domains learned 
by Giotto (local model)



A simple layered tissue
DLPFC sample 151508

(approximately axis aligned)

x

y

(Marker) gene expression is 
≈constant along y-axis

x-coordinate
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Pool sparse expression along y-axis

𝑓! 𝑥, 𝑦 = 𝑓! 𝑥  is 
piecewise constant

Shaded spots 
have non-zero 
expression

expression only depends on x-coord = distance to layer boundary (layer depth)



A simple layered tissue
DLPFC sample 151508

(approximately axis aligned)

x

y

Piecewise linear function 
f(x)

x-
coordinate

(Marker) gene expression is 
≈constant along y-axis
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𝑓! 𝑥, 𝑦 = 𝑓! 𝑥  is 
piecewise linear

Pool sparse expression along y-axis

E
xp

re
ss

io
n

Shaded spots 
have non-zero 
expression

expression only depends on x-coord = distance to layer boundary (layer depth)



How to model layer depth in tissues with complex 
layered geometry?

?
Global layered 
tissue geometry

Expression function: 
Piecewise linear function 
of  layer depth
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Conformal maps and harmonic functions model layer depth

u = 	Re	Φ is a harmonic function 
(satisfies heat eq)

Layer depth = isotherms (contours) 
of  heat equation 

A conformal map 
Φ:𝐷 ⊆ ℂ → ℂ  
locally preserves 
angles between 
curves
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Layered tissue problem formulation

N

maps � = (�1, . . . ,�L)
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depth
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Solutions to special cases
N

maps � = (�1, . . . ,�L)
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Step 1: Construct conformal 
map(s) Φ by solving heat 
equation

Case 1: Approximate layer boundaries 
are given

e�i
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Case 2: Layer boundaries Γi are 
non-intersecting lines (not given)

DP algorithm (~Nussinov algorithm for RNA 
folding) to find best lines Γi, conformal maps Φ, 
piecewise functions fg

..
.

G
ene 1

G
ene 2
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Step 2: Segmented regression 
[Bai and Perron, Econometrica 1998]

• dynamic programming 
algorithm in O(LN2G) time

• L=#layers, N=#spots, G=#genes

Layer depth Φ

G
ene expression



L: number of  layers

20



Belayer accurately identifies cortical layers in human DLPFC

22Takeaway: Belayer (global model) outperforms local models



Belayer identifies marker genes in human 
DLPFC data
We identify marker genes using slopes/discontinuities of  gene 
expression functions fg

<latexit sha1_base64="2i7geW6ca2txcTTw0D4KpLP9kk0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9iP+uWKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AFDao3I</latexit>

Not a recorded marker 
gene.
Involved in neuronal 
signaling.

Known marker gene.
Involved in neuronal 
damage.

Takeaway: Belayer (global model) outperforms local models 23



Mouse skin wound (10x Visium)

Spatially varying genes involved in muscle contraction and wound healing
Data from Foster et al. PNAS 2021
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Summary of  Belayer
Global model of  spatial gene expression for layered tissues
 piecewise linear functions + conformal maps

Belayer simultaneously learns
• tissue geometry (layers) and 
• spatially varying genes (slopes of  piecewise linear functions) 
from sparse SRT data

25

Ma*, Chitra*, et al. Cell Systems 
2022 [Also: RECOMB 2022]

CodePaper



Belayer: Geometric Model

Conformal maps
Harmonic functions
Heat equation
…

Limitations of  Belayer

26

✅ Special case 2: 
Layer boundaries are 
lines

✅ Special case 1: Manually 
annotated layer boundaries

❌  Cannot model: 
tissues with complex 
or unknown 
boundaries

Belayer is supervised – requires prior 
knowledge of  tissue geometry.

Mouse cerebellum



Belayer: Geometric Model

Conformal maps
Harmonic functions
Heat equation
…

A new approach

✅ Special case 2: 
Layer boundaries are 
lines

✅ Special case 1: Manually 
annotated layer boundaries

Deep learning

❓learn layer 
depth without 
prior knowledge

Mouse cerebellum



GASTON: neural network architecture
Gene expression

Coordinates

GASTON
Gradient Analysis of  Spatial Transcriptomics 

Organization with Neural networks

…

Isodepth

Input: Spatial coordinates

Output: Gene expression

      

         

. . .

. . .

x
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Hidden 
layer: 
isodepth

Training is unsupervised! 
(like an auto-encoder)

Topographic map of tissue slice



Isodepth defines “topography” of  gene expression
Gene expression

Coordinates

GASTON
Gradient Analysis of  Spatial Transcriptomics 

Organization with Neural networks

Topographic map of tissue slice

…

Isodepth

Input: Spatial coordinates

Output: gene expression
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Hidden 
layer: 
isodepth

Training is unsupervised! 
(like an auto-encoder)

Isodepth = contours of  equal depth:  𝜙 = 𝑐
• Generalizes relative depth from Belayer

• Neural field model (used in computer vision/graphics)

Spatial gradients ∇𝜙 (gradient of  isodepth)
• Directions of  maximum change in gene expression

• Gradient field ∇𝜙 is “conservative” (no curl)

Gene expression functions 𝑓!(𝜙(𝑥, 𝑦))



Human DLPFC: GASTON outperforms other neural 
networks and unsupervised Belayer

33

Manual annotation
Belayer 

(supervised)GASTON

DLPFC Layer 4

DLPFC Layer 2

DLPFC/GASTON/Belayer Layer 1

DLPFC/GASTON/Belayer Layer 3

DLPFC/GASTON/Belayer Layer 5

DLPFC/GASTON/Belayer 
White Matter (WM)

DLPFC/GASTON/Belayer Layer 6

GASTON isodepth

0.99 correlation 
with (supervised) 
Belayer depth!

Belayer 
(unsupervised)



GASTON: Mouse Cerebellum (Slide-seqV2)

23,096 genes ⨉ 9,985 spots

Neuronal layers/cell types

Purkinje-
Bergmann layer

Other cell types

Spatial domainsTopographic map

Baizer, Front. Hum. Neurosci. 2014

SBK1 
expression

E
xp

re
ss

io
n

Oligodendrocyte 
layer

Granule 
layer

P-B 
layer

Molecular 
layer

Isodepth

GASTON SBK1 
expression 
function

GASTON

Cable et al., Nature Methods 2022
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Median spot has 370 UMIs

Median gene is expressed 
in 0.2% of  spots
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Marker gene identification
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Cell type and gene expression gradients
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Olfactory bulb (Stereo-seq)
SpaGCNGASTONDAPI 

Stain

SpaceFlow 
(diffusion pseudotime)

Isodepth and (negative) 
spatial gradients

Isodepth

C
el

l t
yp

e 
pr

op
or

tio
n

Astrocytes 
only

Other 
attributable 

gradient

GAD1, all 
cell types

Granules 
only

Isodepth

Cell type-
attributable 

gradient

lo
g(

po
ol

ed
 C

PM
)

9,825 spots ⨉ 27,106 genes
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GASTON identifies gradients in tumor microenvironment

Domain 3

Domain 1 (tumor)
Domain 2 (tumor-adjacent stroma) Domain 4

Domain 5

Intrastromal
variation

Discontinuity

Intratumoral
variation Tumor

Stroma

COX7B

Ex
pr
es
si
on

Isodepth

Intratumoral variation 
aerobic metabolism

Discontinuity/Intrastromal variation- 
epithelial-mesenchymal transition (EMT)
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Colorectal tumor slice (stage IV)
(Wu et al, Cancer Discovery 2022)

GASTON: spatial domains + isodepth

Low isodepth

High isodepth

ACTA2

Ex
pr
es
si
on

Isodepth

TAGLN

Domain 3



Summary: GASTON
• Isodepth describes topographic map and 

spatial gradients of  gene expression within 
tissue slice

• GASTON: unsupervised deep learning 
algorithm to learn isodepth 
• Uncovers spatial domains and gradients 

of  gene expression/cell type

40

Chitra et al. In review at Nature Methods 
[Also: RECOMB 2024]

Preprint Code

Gene expression
Coordinates

GASTON
Gradient Analysis of  Spatial Transcriptomics 

Organization with Neural networks

Topographic map of tissue slice

…

Isodepth
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Disease hotspots identification (breast 
cancer incidence, NYC)

Spatial anomaly detection

Tumor detection (prostate cancer)

Spatial anomaly in biology:
Spatial anomaly in epidemiology:



Epidemiology: 
Disease hotspots

(breast cancer, NYC)

Network anomaly detection

Tumor detection 
(prostate cancer)

Network anomaly detection

High score

Low score

• Vertices = spatial locations (e.g. tissue spots, census 
tracts)
• Edges connect spatially adjacent vertices

• Score: % cancer cells OR disease incidence OR …
Anomalies: subnetworks with large score



Protein-Protein Interaction (PPI) Networks

Vertices: proteins
Edges: physical interactions between 
proteins

44



Altered Subnetwork Problem (ASP)

High

Low

Given:
1) Interaction network G = (V,E)
2) Vertex scores Xv 
• eg from mutations, differential expression, …

Goal: Identify high-scoring subnetworks of  G (“altered subnetworks”)

(also called network anomalies, network 
modules, active subnetworks,)
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Altered subnetworks reveal interacting genes relevant to 
complex traits+diseases

Choobdar, Ahsen, Crawford et al (Nature Methods 2019)

46

Leiserson, Vandin et al (Nature Genetics 2015)

Somatic 
mutations 
in cancer

Complex traits 
(e.g. height, 
diabetes, …)



Many algorithms developed over past 20 years for identifying altered subnetworks

Mitra et al, Nature Reviews Genetics (2013)
Cowen et al, Nature Reviews Genetics (2017)
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Existing algorithms do not have rigorous, 
theoretical guarantees

Most algorithms assess their performance using real biological datasets, e.g.
• Runtime
• Recovering known biological findings
• Discovery of  potentially new biological insights

But do not assess performance on generative model of  the data
-> obscures fundamental issues shared across algorithms

Altered Subnetwork Problem: 
Given:
1) Network G = (V,E)
2) Vertex scores Xv (usually derived from p-values)
Goal: Identify high-scoring subnetworks H of  G

High

Low 48



Many algorithms output very large subnetworks

“Network module identification—a widespread theoretical bias and best practices” by Nikolayeva et al (Methods 2018)

49

“

”
jActiveModules/Cytoscape (Ideker et al, 2002): 
maximizes function over connected subgraphs 

argmax
S

1p
|S|

X

v2S

Xv

<latexit sha1_base64="tboXsLhN2kCkSSoqJV+g6K026Lg="></latexit>

connected

Altered Subnetwork Problem: 
Given:
1) Network G = (V,E)
2) Vertex scores Xv (usually derived from p-values)
Goal: Identify high-scoring subnetworks H of  G



High

Low

Network has 10,000 vertices, implanted altered subnetwork A has 500 vertices 
• Vertex scores in A are ~2 standard deviations larger than avg

jActiveModules outputs a subnetwork with 2505 vertices (5x increase!)

True Estimated

A simple simulation with an implanted subnetwork

50Many heuristics for reducing size – but effectiveness is unclear



Our contributions
1. Generative model for altered subnetworks

2. Show issue of  identifying large subnetworks is due to statistical bias

3. Develop NetMix algorithm which is asymptotically unbiased

Extensions: 
• NetMix2 algorithm which uses network propagation (random walks)
• Anomaly detection in statistics/ML

51

High

Low



0 µ

Generative model: Altered Subnetwork Distribution
• G=(V, E) is a graph 
• A ⊆ V is a connected subgraph, or the altered subnetwork

Vertex scores                   are distributed as(Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

Xv ⇠
(
N(µ, 1) if v 2 A

N(0, 1) otherwise
<latexit sha1_base64="wxs9jsUz2T0W8ktEqgNpJMGtlE8="></latexit>
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Altered Subnetwork Problem: Given graph G and vertex scores                  
distributed as

find the altered subnetwork A.

(Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

Xv ⇠
(
N(µ, 1) if v 2 A

N(0, 1) otherwise
<latexit sha1_base64="wxs9jsUz2T0W8ktEqgNpJMGtlE8="></latexit>
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Altered Subnetwork Problem: Given graph G and vertex scores                  
distributed as

find the altered subnetwork A.

(Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

Xv ⇠
(
N(µ, 1) if v 2 A

N(0, 1) otherwise
<latexit sha1_base64="wxs9jsUz2T0W8ktEqgNpJMGtlE8="></latexit>
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Altered Subnetwork Problem: Given graph G and vertex scores                  
distributed as

find the altered subnetwork A.

(Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

Xv ⇠
(
N(µ, 1) if v 2 A

N(0, 1) otherwise
<latexit sha1_base64="wxs9jsUz2T0W8ktEqgNpJMGtlE8="></latexit>
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Altered Subnetwork Problem: Given graph G and vertex scores                  
distributed as

find the altered subnetwork A.

(Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

Theorem: Maximum Likelihood Estimator (MLE) of  the altered subnetwork A is:

Xv ⇠
(
N(µ, 1) if v 2 A

N(0, 1) otherwise
<latexit sha1_base64="wxs9jsUz2T0W8ktEqgNpJMGtlE8="></latexit>
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Altered Subnetwork Problem: Given graph G and vertex scores                  
distributed as

find the altered subnetwork A.

(Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

Theorem: Maximum Likelihood Estimator (MLE) of  the altered subnetwork A is:

MLE = jActiveModules! 
jActiveModules paper (Ideker et al, 2002) does not describe 
generative model nor the connection to the MLE

Xv ⇠
(
N(µ, 1) if v 2 A

N(0, 1) otherwise
<latexit sha1_base64="wxs9jsUz2T0W8ktEqgNpJMGtlE8="></latexit>
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MLE is biased estimator

We observe that MLE has positive bias: MLE overestimates the size -
.

 
of  the altered subnetwork on average (where n=|V|)
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(Simulation from before)



MLE is biased estimator

We observe that MLE has positive bias: MLE overestimates the size -
.

 
of  the altered subnetwork on average (where n=|V|)
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(Simulation from before)

We prove MLE is asymptotically biased: lim
n!1

Bias

 
| bAMLE|

n

!
> 0

<latexit sha1_base64="dKD/zQYmCw9vUtERbrQPCsbgam0="></latexit>

Assuming number of  connected subgraphs is exponential
 (RECOMB 2020; ICML 2021; unpublished w/ H Schmidt)



0 µ

How to reduce bias?
Key idea: Model the distribution of  the vertex scores before using the 
network

Fit vertex scores to Gaussian Mixture Model (GMM):

Xv ⇠ (1� ↵) ·N(0, 1) + ↵ ·N(µ, 1)
<latexit sha1_base64="bQDWtIDRIy5w1hOwD8rSU9iq4Wg=">AAACInicbZDLSsNAFIYn9VbrLerSzWARWqwlqYK6K7pxJRXsBZoSJpNJO3QmCTOTQgl9Fje+ihsXiroSfBinF0Rbfxj4+c45nDm/FzMqlWV9Gpml5ZXVtex6bmNza3vH3N1ryCgRmNRxxCLR8pAkjIakrqhipBULgrjHSNPrX4/rzQERkkbhvRrGpMNRN6QBxUhp5JqXLXcAHUk5LNgnDmJxDxWhg/1IwduCVbKL8BhO8Q91eFKCdtE181bZmgguGntm8mCmmmu+O36EE05ChRmSsm1bseqkSCiKGRnlnESSGOE+6pK2tiHiRHbSyYkjeKSJD4NI6BcqOKG/J1LEpRxyT3dypHpyvjaG/9XaiQouOikN40SREE8XBQmDKoLjvKBPBcGKDbVBWFD9V4h7SCCsdKo5HYI9f/KiaVTK9mm5cneWr17N4siCA3AICsAG56AKbkAN1AEGD+AJvIBX49F4Nt6Mj2lrxpjN7IM/Mr6+AX9sn+s=</latexit>

𝛼 = proportion of  vertices in altered subnetwork 
𝜇 = mean of  altered subnetwork distribution 61



GMM yields less biased estimate of  altered 
subnetwork size

| bAMLE|/n
<latexit sha1_base64="b5PI0f88xhPZuTUYg4OJmWa46lo=">AAACBXicbVDJSgNBEO1xjXGLetTDYBA8xZko6DEqggeFCGaBTAg9nUrSpGehu0YNk7l48Ve8eFDEq//gzb+xsxw08UHB470qquq5oeAKLevbmJmdm19YTC2ll1dW19YzG5tlFUSSQYkFIpBVlyoQ3IcSchRQDSVQzxVQcbvnA79yB1LxwL/FXgh1j7Z93uKMopYamZ2+c8+b0KEYnyaN2EF4wPj66iJJ+gfazlo5awhzmthjkiVjFBuZL6cZsMgDH5mgStVsK8R6TCVyJiBJO5GCkLIubUNNU596oOrx8IvE3NNK02wFUpeP5lD9PRFTT6me5+pOj2JHTXoD8T+vFmHrpB5zP4wQfDZa1IqEiYE5iMRscgkMRU8TyiTXt5qsQyVlqINL6xDsyZenSTmfsw9z+ZujbOFsHEeKbJNdsk9sckwK5JIUSYkw8kieySt5M56MF+Pd+Bi1zhjjmS3yB8bnD2mvmSU=</latexit>

B
ia
s⇣ b ⇥⌘

<latexit sha1_base64="qjydz+XJXFzNGTVEvY1qkvNMimM=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBAUIexGQY+iF48RjArZEHonvdnB2QczvWpY8hFe/BUvHhTx6sGbf+Mk5uCroKGo6qa7K8iUNOS6H87E5NT0zGxprjy/sLi0XFlZPTdprgU2RapSfRmAQSUTbJIkhZeZRogDhRfB1fHQv7hGbWSanFE/w3YMvUSGUgBZqVPZ8QlvqTiSYAa+wpC2uH8juxgBFf5ZhAQD7mvZi2ibdypVt+aOwP8Sb0yqbIxGp/Lud1ORx5iQUGBMy3MzahegSQqFg7KfG8xAXEEPW5YmEKNpF6OnBnzTKl0eptpWQnykfp8oIDamHwe2MwaKzG9vKP7ntXIKD9qFTLKcMBFfi8JccUr5MCHelRoFqb4lILS0t3IRgQZBNseyDcH7/fJfcl6vebu1+ule9fBoHEeJrbMNtsU8ts8O2QlrsCYT7I49sCf27Nw7j86L8/rVOuGMZ9bYDzhvn+hInrM=</latexit>

Xv ⇠ (1� ↵) ·N(0, 1) + ↵ ·N(µ, 1)
<latexit sha1_base64="bQDWtIDRIy5w1hOwD8rSU9iq4Wg=">AAACInicbZDLSsNAFIYn9VbrLerSzWARWqwlqYK6K7pxJRXsBZoSJpNJO3QmCTOTQgl9Fje+ihsXiroSfBinF0Rbfxj4+c45nDm/FzMqlWV9Gpml5ZXVtex6bmNza3vH3N1ryCgRmNRxxCLR8pAkjIakrqhipBULgrjHSNPrX4/rzQERkkbhvRrGpMNRN6QBxUhp5JqXLXcAHUk5LNgnDmJxDxWhg/1IwduCVbKL8BhO8Q91eFKCdtE181bZmgguGntm8mCmmmu+O36EE05ChRmSsm1bseqkSCiKGRnlnESSGOE+6pK2tiHiRHbSyYkjeKSJD4NI6BcqOKG/J1LEpRxyT3dypHpyvjaG/9XaiQouOikN40SREE8XBQmDKoLjvKBPBcGKDbVBWFD9V4h7SCCsdKo5HYI9f/KiaVTK9mm5cneWr17N4siCA3AICsAG56AKbkAN1AEGD+AJvIBX49F4Nt6Mj2lrxpjN7IM/Mr6+AX9sn+s=</latexit>

GMM:

vs

MLE:

62

Fit vertex scores Xv to GMM

b↵GMM, bµGMM
<latexit sha1_base64="TF/KJ3SsSJYqtRZyj+iYc1DqO4Y=">AAACInicbVDJSgNBEO1xN25Rj14ag+BBwowK6i3oQS9CBKNCJoSaTsU09ix016hhmG/x4q948aCoJ8GPsbOA64OCx3tVVNULEiUNue67MzI6Nj4xOTVdmJmdm18oLi6dmTjVAmsiVrG+CMCgkhHWSJLCi0QjhIHC8+DqoOefX6M2Mo5OqZtgI4TLSLalALJSs7jn38gWdoAyH1TSgbyZ+YS3lB0eH+f5Bv+yw/Sn1yyW3LLbB/9LvCEpsSGqzeKr34pFGmJEQoExdc9NqJGBJikU5gU/NZiAuIJLrFsaQYimkfVfzPmaVVq8HWtbEfG++n0ig9CYbhjYzhCoY357PfE/r55Se7eRyShJCSMxWNROFaeY9/LiLalRkOpaAkJLeysXHdAgyKZasCF4v1/+S842y95WefNku1TZH8YxxVbYKltnHtthFXbEqqzGBLtjD+yJPTv3zqPz4rwNWkec4cwy+wHn4xMx5qXr</latexit>

and estimate GMM parameters

𝛼 = proportion of  vertices in altered subnetwork 
𝜇 = mean of  altered subnetwork distribution

We prove: GMM estimator is 
asymptotically unbiased (ICML 2021)

-> Model mis-specification helps!
(Fitting ASD with GMM)



NetMix Algorithm
Given vertex scores                    and graph G:(Xv)v2V

<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

1. Fit scores to GMM using EM, and compute responsibilities
2. Find connected subnetwork                   with GMM-estimated size and largest total responsibilitybANetMix

<latexit sha1_base64="LmIuhyqoplFY5K9PdMfsEOzkJoM=">AAACBHicbVA9SwNBEN2LXzF+RS3THAbBKtxFQcuojY0SwXxAEsLe3iRZsvfB7pwmHFfY+FdsLBSx9UfY+W/cJFdo4oOBx3szzMxzQsEVWta3kVlaXlldy67nNja3tnfyu3t1FUSSQY0FIpBNhyoQ3IcachTQDCVQzxHQcIaXE79xD1LxwL/DcQgdj/Z93uOMopa6+UL7gbswoBifJ924jTDC+Abwmo+SpJsvWiVrCnOR2CkpkhTVbv6r7QYs8sBHJqhSLdsKsRNTiZwJSHLtSEFI2ZD2oaWpTz1QnXj6RGIeasU1e4HU5aM5VX9PxNRTauw5utOjOFDz3kT8z2tF2DvrxNwPIwSfzRb1ImFiYE4SMV0ugaEYa0KZ5PpWkw2opAx1bjkdgj3/8iKpl0v2cal8e1KsXKRxZEmBHJAjYpNTUiFXpEpqhJFH8kxeyZvxZLwY78bHrDVjpDP75A+Mzx8Kvpj9</latexit>

Scores X Fit scores to Gaussian 
Mixture Model

N(0, 1)

<latexit sha1_base64="IiDjz2mLOw3wIoLChYfl43qEUC8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJuiOgx6MWTRDAPSJYwO5lNxszOLDOzQljyD148KOLV//Hm3zh5IJpY0FBUddPdFcScaeO6X05mZXVtfSO7mdva3tndy+8fNLRMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4fXEbz5SpZkU92YUUz/CfcFCRrCxUuO26J55p918wS25U6Af4i2SAsxR6+Y/Oz1JkogKQzjWuu25sfFTrAwjnI5znUTTGJMh7tO2pQJHVPvp9NoxOrFKD4VS2RIGTdXfEymOtB5Fge2MsBnoRW8i/ue1ExNe+ikTcWKoILNFYcKRkWjyOuoxRYnhI0swUczeisgAK0yMDShnQ1h6eZk0yiWvUjq/qxSqV/M4snAEx1AEDy6gCjdQgzoQeIAneIFXRzrPzpvzPmvNOPOZQ/gD5+MbtvSN6w==</latexit>

N(bµGMM, 1)

<latexit sha1_base64="YEq7bz+sOyRPjISnHED7c0CFiDM=">AAACCHicdVDJSgNBEO2JW4zbqEcPDgYhgoQZiegx6EEvkQhmgUwIPZ1K0qRnobtGDcMcvfgrXjwo4tVP8ObfOFmEuD0oeLxXRVU9JxBcoWl+aKmZ2bn5hfRiZml5ZXVNX9+oKj+UDCrMF76sO1SB4B5UkKOAeiCBuo6AmtM/Hfq1a5CK+94VDgJourTr8Q5nFBOppW9f5Owb3oYexch2w7gV2Qi3GJ2VSnG8b+219KyVN0cwzF/ky8qSCcot/d1u+yx0wUMmqFINywywGVGJnAmIM3aoIKCsT7vQSKhHXVDNaPRIbOwmStvo+DIpD42ROj0RUVepgesknS7FnvrpDcW/vEaIneNmxL0gRPDYeFEnFAb6xjAVo80lMBSDhFAmeXKrwXpUUoZJdpnpEP4n1YO8VcgfXhayxZNJHGmyRXZIjljkiBTJOSmTCmHkjjyQJ/Ks3WuP2ov2Om5NaZOZTfIN2tsnkb+Zrw==</latexit>

Interaction network 
G = (V, E)

Identify connected subnetwork with largest 
total responsibility (ILP)

HighLow
bANetMix

<latexit sha1_base64="LmIuhyqoplFY5K9PdMfsEOzkJoM=">AAACBHicbVA9SwNBEN2LXzF+RS3THAbBKtxFQcuojY0SwXxAEsLe3iRZsvfB7pwmHFfY+FdsLBSx9UfY+W/cJFdo4oOBx3szzMxzQsEVWta3kVlaXlldy67nNja3tnfyu3t1FUSSQY0FIpBNhyoQ3IcachTQDCVQzxHQcIaXE79xD1LxwL/DcQgdj/Z93uOMopa6+UL7gbswoBifJ924jTDC+Abwmo+SpJsvWiVrCnOR2CkpkhTVbv6r7QYs8sBHJqhSLdsKsRNTiZwJSHLtSEFI2ZD2oaWpTz1QnXj6RGIeasU1e4HU5aM5VX9PxNRTauw5utOjOFDz3kT8z2tF2DvrxNwPIwSfzRb1ImFiYE4SMV0ugaEYa0KZ5PpWkw2opAx1bjkdgj3/8iKpl0v2cal8e1KsXKRxZEmBHJAjYpNTUiFXpEpqhJFH8kxeyZvxZLwY78bHrDVjpDP75A+Mzx8Kvpj9</latexit>
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rv = P (v 2 A | Xv)
<latexit sha1_base64="L4ol7s8QmnjT+pcj3hxOwsl83MY=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQNyWpgm6EqhuXFewDmhAmk0k7dDIJM5NACcWNv+LGhSJu/Qp3/o3TNgttPXDhcM693HuPnzAqlWV9G0vLK6tr66WN8ubW9s6uubfflnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vJ34nYwISWP+oEYJcSPU5zSkGCkteeah8DJ4BZvVDDqUw2voRDSAXS879cyKVbOmgIvELkgFFGh65pcTxDiNCFeYISl7tpUoN0dCUczIuOykkiQID1Gf9DTlKCLSzacvjOGJVgIYxkIXV3Cq/p7IUSTlKPJ1Z4TUQM57E/E/r5eq8NLNKU9SRTieLQpTBlUMJ3nAgAqCFRtpgrCg+laIB0ggrHRqZR2CPf/yImnXa/ZZrX5/XmncFHGUwBE4BlVggwvQAHegCVoAg0fwDF7Bm/FkvBjvxsesdckoZg7AHxifP/Z8lTs=</latexit>



Results – simulated data
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Real PPI network (n ≈ 15,000 vertices)
Implanted altered subnetwork A 
 w/ size |A| = 0.05n = 750
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Results – differential gene expression + somatic mutations 
in cancer
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157 gene expression experiments from 
Expression Atlas (Petryszak et al, 2015)

Cancer driver gene prediction: 
• Using MutSigCV2 p-values and 

multiple interaction networks



NetMix2: extension to other distributions and graph topologies

High

Low

Input

Subnetwork family

Similarity matrix  
(Personalized PageRank) Similarity threshold graph

Vertex scores (Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

Interaction network 
G=(V,E)

S
<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>

Connected family CG
<latexit sha1_base64="FJ80dqdgQ5OyTPdEugwNr6dOJSQ=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLYhS4r2Ae0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/nbX1jc2t7cJOcXdv/+CwdHTc0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G9cxvT6jSTIpHM42pH+GhYCEj2FjJ70XYjAjmaX3Wv+uXym7FnQOtEi8nZcjR6Je+egNJkogKQzjWuuu5sfFTrAwjnM6KvUTTGJMxHtKupQJHVPvpPPQMnVtlgEKp7BMGzdXfGymOtJ5GgZ3MQuplLxP/87qJCW/8lIk4MVSQxaEw4chIlDWABkxRYvjUEkwUs1kRGWGFibE9FW0J3vKXV0mrWvEuK9WHq3LtNq+jAKdwBhfgwTXU4B4a0AQCT/AMr/DmTJwX5935WIyuOfnOCfyB8/kDw4CSFw==</latexit>

Edge-dense family EG,p
<latexit sha1_base64="09dDNOU2cW/Vu3NuFNMrB0T3beA=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFcSEmqoMuiiC4r2Ae0IUymk3boZBJmJkqJ+RQ3LhRx65e482+ctFlo64GBwzn3cs8cP2ZUKtv+NpaWV1bX1ksb5c2t7Z1ds7LXllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/vsr9zgMRkkb8Xk1i4oZoyGlAMVJa8sxKP0RqhBFLrzMvvTmJM8+s2jV7CmuROAWpQoGmZ371BxFOQsIVZkjKnmPHyk2RUBQzkpX7iSQxwmM0JD1NOQqJdNNp9Mw60srACiKhH1fWVP29kaJQykno68k8qJz3cvE/r5eo4MJNKY8TRTieHQoSZqnIynuwBlQQrNhEE4QF1VktPEICYaXbKusSnPkvL5J2veac1up3Z9XGZVFHCQ7gEI7BgXNowC00oQUYHuEZXuHNeDJejHfjYza6ZBQ7+/AHxucPTdqUBg==</latexit>

TG,⇢
<latexit sha1_base64="LmYrON5Zhx53QetKBvmU+JLNMIs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwIWWmCrosutBlhb6gMwyZNNOGZpIhyQh1KP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ0wYVdpxvq2l5ZXVtfXSRnlza3tn197bbyuRSkxaWDAhuyFShFFOWppqRrqJJCgOGemEo5vc7zwQqajgTT1OiB+jAacRxUgbKbAPvRjpIUYsa06C7PbMk0MxCeyKU3WmgIvELUgFFGgE9pfXFziNCdeYIaV6rpNoP0NSU8zIpOyliiQIj9CA9AzlKCbKz6bpJ/DEKH0YCWke13Cq/t7IUKzUOA7NZJ5VzXu5+J/XS3V05WeUJ6kmHM8ORSmDWsC8CtinkmDNxoYgLKnJCvEQSYS1KaxsSnDnv7xI2rWqe16t3V9U6tdFHSVwBI7BKXDBJaiDO9AALYDBI3gGr+DNerJerHfrYza6ZBU7B+APrM8fveKVaA==</latexit>

M�,p
<latexit sha1_base64="I1V8S0AB3jRE5z0iOgPwzriSGS0=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXEhJqqDLohs3QgX7gCaEyWTSDp1MwsxEKDELf8WNC0Xc+hvu/BsnbRbaemDgcM693DPHTxiVyrK+jcrS8srqWnW9trG5tb1j7u51ZZwKTDo4ZrHo+0gSRjnpKKoY6SeCoMhnpOePrwu/90CEpDG/V5OEuBEachpSjJSWPPPAiZAaYcSy29zLnIAwhU6T3DPrVsOaAi4SuyR1UKLtmV9OEOM0IlxhhqQc2Fai3AwJRTEjec1JJUkQHqMhGWjKUUSkm03z5/BYKwEMY6EfV3Cq/t7IUCTlJPL1ZJFWznuF+J83SFV46WaUJ6kiHM8OhSmDKoZFGTCggmDFJpogLKjOCvEICYSVrqymS7Dnv7xIus2GfdZo3p3XW1dlHVVwCI7ACbDBBWiBG9AGHYDBI3gGr+DNeDJejHfjYzZaMcqdffAHxucPcgqWXw==</latexit>

Propagation family
Cut family

…

NetMix2
Step 1: Estimate size         of altered 
subnetwork A using local FDR (non-
parametric method)

c|A|
<latexit sha1_base64="DntdCPG40SmWz6WprWGOMTQAl+g=">AAAB9HicbVBNT8JAEN36ifiFevTSSEw8kRZN9Ih68YiJfCTQkO12gA3bbd2dYkjhd3jxoDFe/THe/Dcu0IOCL5nk5b2ZzMzzY8E1Os63tbK6tr6xmdvKb+/s7u0XDg7rOkoUgxqLRKSaPtUguIQachTQjBXQ0BfQ8Ae3U78xBKV5JB9wFIMX0p7kXc4oGslrP/EA+hTT8fV40ikUnZIzg71M3IwUSYZqp/DVDiKWhCCRCap1y3Vi9FKqkDMBk3w70RBTNqA9aBkqaQjaS2dHT+xTowR2N1KmJNoz9fdESkOtR6FvOkOKfb3oTcX/vFaC3Ssv5TJOECSbL+omwsbIniZgB1wBQzEyhDLFza0261NFGZqc8iYEd/HlZVIvl9zzUvn+oli5yeLIkWNyQs6ISy5JhdyRKqkRRh7JM3klb9bQerHerY9564qVzRyRP7A+fwBPsJJz</latexit>

Step 2: Compute subnetwork                   
with size                    and largest total 
vertex score Xv

c|A|
<latexit sha1_base64="DntdCPG40SmWz6WprWGOMTQAl+g=">AAAB9HicbVBNT8JAEN36ifiFevTSSEw8kRZN9Ih68YiJfCTQkO12gA3bbd2dYkjhd3jxoDFe/THe/Dcu0IOCL5nk5b2ZzMzzY8E1Os63tbK6tr6xmdvKb+/s7u0XDg7rOkoUgxqLRKSaPtUguIQachTQjBXQ0BfQ8Ae3U78xBKV5JB9wFIMX0p7kXc4oGslrP/EA+hTT8fV40ikUnZIzg71M3IwUSYZqp/DVDiKWhCCRCap1y3Vi9FKqkDMBk3w70RBTNqA9aBkqaQjaS2dHT+xTowR2N1KmJNoz9fdESkOtR6FvOkOKfb3oTcX/vFaC3Ssv5TJOECSbL+omwsbIniZgB1wBQzEyhDLFza0261NFGZqc8iYEd/HlZVIvl9zzUvn+oli5yeLIkWNyQs6ISy5JhdyRKqkRRh7JM3klb9bQerHerY9564qVzRyRP7A+fwBPsJJz</latexit>

S 2 S
<latexit sha1_base64="2fF2E16qvMfrLclnXthv2lR7oPk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmqoMuiG5eV2gc0oUym03boZBJmJkqJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOZMacf5tgpr6xubW8Xt0s7u3v6BXT5sqyiRhLZIxCPZDbCinAna0kxz2o0lxWHAaSeY3GR+54FKxSJxr6cx9UM8EmzICNZG6tvlJvKYQF6I9ZhgnjZnfbviVJ050Cpxc1KBHI2+/eUNIpKEVGjCsVI914m1n2KpGeF0VvISRWNMJnhEe4YKHFLlp/PoM3RqlAEaRtI8odFc/b2R4lCpaRiYySyiWvYy8T+vl+jhlZ8yESeaCrI4NEw40hHKekADJinRfGoIJpKZrIiMscREm7ZKpgR3+curpF2ruufV2t1FpX6d11GEYziBM3DhEupwCw1oAYFHeIZXeLOerBfr3fpYjBasfOcI/sD6/AGrIJOg</latexit>

|S| = c|A|
<latexit sha1_base64="/RI/zom6ZXD5cirZVUG/jrmp4pU=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJ4KkkV9CJUvXisaD+gDWWzmbRLN5uwu7GUpD/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM82JGpbLtb2NldW19Y7OwVdze2d3bN0sHTRklgkCDRCwSbQ9LYJRDQ1HFoB0LwKHHoOUNb6d+6wmEpBF/VOMY3BD3OQ0owUpLPbOUPWRX3RH1YYBVml1nk55Ztiv2DNYycXJSRjnqPfOr60ckCYErwrCUHceOlZtioShhMCl2EwkxJkPch46mHIcg3XR2+sQ60YpvBZHQxZU1U39PpDiUchx6ujPEaiAXvan4n9dJVHDpppTHiQJO5ouChFkqsqY5WD4VQBQba4KJoPpWiwywwETptIo6BGfx5WXSrFacs0r1/rxcu8njKKAjdIxOkYMuUA3doTpqIIJG6Bm9ojcjM16Md+Nj3rpi5DOH6A+Mzx/EapRU</latexit>

Output

CG
<latexit sha1_base64="FJ80dqdgQ5OyTPdEugwNr6dOJSQ=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLYhS4r2Ae0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/nbX1jc2t7cJOcXdv/+CwdHTc0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G9cxvT6jSTIpHM42pH+GhYCEj2FjJ70XYjAjmaX3Wv+uXym7FnQOtEi8nZcjR6Je+egNJkogKQzjWuuu5sfFTrAwjnM6KvUTTGJMxHtKupQJHVPvpPPQMnVtlgEKp7BMGzdXfGymOtJ5GgZ3MQuplLxP/87qJCW/8lIk4MVSQxaEw4chIlDWABkxRYvjUEkwUs1kRGWGFibE9FW0J3vKXV0mrWvEuK9WHq3LtNq+jAKdwBhfgwTXU4B4a0AQCT/AMr/DmTJwX5935WIyuOfnOCfyB8/kDw4CSFw==</latexit>

EG,p
<latexit sha1_base64="09dDNOU2cW/Vu3NuFNMrB0T3beA=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFcSEmqoMuiiC4r2Ae0IUymk3boZBJmJkqJ+RQ3LhRx65e482+ctFlo64GBwzn3cs8cP2ZUKtv+NpaWV1bX1ksb5c2t7Z1ds7LXllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/vsr9zgMRkkb8Xk1i4oZoyGlAMVJa8sxKP0RqhBFLrzMvvTmJM8+s2jV7CmuROAWpQoGmZ371BxFOQsIVZkjKnmPHyk2RUBQzkpX7iSQxwmM0JD1NOQqJdNNp9Mw60srACiKhH1fWVP29kaJQykno68k8qJz3cvE/r5eo4MJNKY8TRTieHQoSZqnIynuwBlQQrNhEE4QF1VktPEICYaXbKusSnPkvL5J2veac1up3Z9XGZVFHCQ7gEI7BgXNowC00oQUYHuEZXuHNeDJejHfjYza6ZBQ7+/AHxucPTdqUBg==</latexit>

TG,⇢
<latexit sha1_base64="LmYrON5Zhx53QetKBvmU+JLNMIs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwIWWmCrosutBlhb6gMwyZNNOGZpIhyQh1KP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ0wYVdpxvq2l5ZXVtfXSRnlza3tn197bbyuRSkxaWDAhuyFShFFOWppqRrqJJCgOGemEo5vc7zwQqajgTT1OiB+jAacRxUgbKbAPvRjpIUYsa06C7PbMk0MxCeyKU3WmgIvELUgFFGgE9pfXFziNCdeYIaV6rpNoP0NSU8zIpOyliiQIj9CA9AzlKCbKz6bpJ/DEKH0YCWke13Cq/t7IUKzUOA7NZJ5VzXu5+J/XS3V05WeUJ6kmHM8ORSmDWsC8CtinkmDNxoYgLKnJCvEQSYS1KaxsSnDnv7xI2rWqe16t3V9U6tdFHSVwBI7BKXDBJaiDO9AALYDBI3gGr+DNerJerHfrYza6ZBU7B+APrM8fveKVaA==</latexit>

Altered subnetwork A 2 S
<latexit sha1_base64="jsdSv9V1FKE+69xTTRvIoDOmi5I=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UUJBgLLIxF0IfURJXjuq1Vx4lsB1SFfgoLAwix8iVs/A1OmwFajmTp6Jx7dY9PEHOmtON8W4WV1bX1jeJmaWt7Z3fPLu+3VJRIQpsk4pHsBFhRzgRtaqY57cSS4jDgtB2MrzO//UClYpG415OY+iEeCjZgBGsj9ezyJfKYQF6I9Yhgnt5Ne3bFqTozoGXi5qQCORo9+8vrRyQJqdCEY6W6rhNrP8VSM8LptOQlisaYjPGQdg0VOKTKT2fRp+jYKH00iKR5QqOZ+nsjxaFSkzAwk1lEtehl4n9eN9GDCz9lIk40FWR+aJBwpCOU9YD6TFKi+cQQTCQzWREZYYmJNm2VTAnu4peXSatWdU+rtduzSv0qr6MIh3AEJ+DCOdThBhrQBAKP8Ayv8GY9WS/Wu/UxHy1Y+c4B/IH1+QOOuJOO</latexit>

M�,p
<latexit sha1_base64="I1V8S0AB3jRE5z0iOgPwzriSGS0=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXEhJqqDLohs3QgX7gCaEyWTSDp1MwsxEKDELf8WNC0Xc+hvu/BsnbRbaemDgcM693DPHTxiVyrK+jcrS8srqWnW9trG5tb1j7u51ZZwKTDo4ZrHo+0gSRjnpKKoY6SeCoMhnpOePrwu/90CEpDG/V5OEuBEachpSjJSWPPPAiZAaYcSy29zLnIAwhU6T3DPrVsOaAi4SuyR1UKLtmV9OEOM0IlxhhqQc2Fai3AwJRTEjec1JJUkQHqMhGWjKUUSkm03z5/BYKwEMY6EfV3Cq/t7IUCTlJPL1ZJFWznuF+J83SFV46WaUJ6kiHM8OhSmDKoZFGTCggmDFJpogLKjOCvEICYSVrqymS7Dnv7xIus2GfdZo3p3XW1dlHVVwCI7ACbDBBWiBG9AGHYDBI3gGr+DNeDJejHfjYzZaMcqdffAHxucPcgqWXw==</latexit>

bANetMix2
<latexit sha1_base64="vTiJKa+CusDpbFvHX8Ulj1ouB6w=">AAACBXicbVDJSgNBEO2JW4xb1KMeBoPgKcxEQY9RL16UCGaBJISenpqkSc9Cd40mDHPx4q948aCIV//Bm39jZzlo4oOCx3tVVNVzIsEVWta3kVlYXFpeya7m1tY3Nrfy2zs1FcaSQZWFIpQNhyoQPIAqchTQiCRQ3xFQd/qXI79+D1LxMLjDYQRtn3YD7nFGUUud/H7rgbvQo5icp52khTDA5Abwmg9KadrJF6yiNYY5T+wpKZApKp38V8sNWexDgExQpZq2FWE7oRI5E5DmWrGCiLI+7UJT04D6oNrJ+IvUPNSKa3qh1BWgOVZ/TyTUV2roO7rTp9hTs95I/M9rxuidtRMeRDFCwCaLvFiYGJqjSEyXS2AohppQJrm+1WQ9KilDHVxOh2DPvjxPaqWifVws3Z4UyhfTOLJkjxyQI2KTU1ImV6RCqoSRR/JMXsmb8WS8GO/Gx6Q1Y0xndskfGJ8/hmeZOQ==</latexit>

X

v2S

Xv

<latexit sha1_base64="Qv0vm+eqWyMZNjfdmOadaOmdODk=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJIq6LHoxWNF+wFNCJvtpl262YTdTbGE/hUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvTDlT2nG+rbX1jc2t7dJOeXdv/+DQPqq0VZJJQlsk4YnshlhRzgRtaaY57aaS4jjktBOObmd+Z0ylYol41JOU+jEeCBYxgrWRArviqSwO8jHymEAPU9QNxoFddWrOHGiVuAWpQoFmYH95/YRkMRWacKxUz3VS7edYakY4nZa9TNEUkxEe0J6hAsdU+fn89ik6M0ofRYk0JTSaq78nchwrNYlD0xljPVTL3kz8z+tlOrr2cybSTFNBFouijCOdoFkQqM8kJZpPDMFEMnMrIkMsMdEmrrIJwV1+eZW06zX3ola/v6w2boo4SnACp3AOLlxBA+6gCS0g8ATP8Apv1tR6sd6tj0XrmlXMHMMfWJ8/TMKT9A==</latexit>

argmax
<latexit sha1_base64="jgoOsCwWyW5v1CqS1cBDr+ql2h8=">AAAB9HicbVBNTwIxEO36ifiFevTSSEw8kV000SPRi0dM5COBDemWWWjodtd2lkAIv8OLB43x6o/x5r+xwB4UfMkkL+/NtDMvSKQw6Lrfztr6xubWdm4nv7u3f3BYODqumzjVHGo8lrFuBsyAFApqKFBCM9HAokBCIxjczfzGELQRsXrEcQJ+xHpKhIIztJLfRhjhhOlexEbTTqHoltw56CrxMlIkGaqdwle7G/M0AoVcMmNanpugb59DwSVM8+3UQML4gPWgZaliERh/Ml96Ss+t0qVhrG0ppHP198SERcaMo8B2Rgz7Ztmbif95rRTDG38iVJIiKL74KEwlxZjOEqBdoYGjHFvCuBZ2V8r7TDOONqe8DcFbPnmV1Msl77JUfrgqVm6zOHLklJyRC+KRa1Ih96RKaoSTJ/JMXsmbM3RenHfnY9G65mQzJ+QPnM8fimWSmQ==</latexit>

S 2 S
<latexit sha1_base64="2fF2E16qvMfrLclnXthv2lR7oPk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmqoMuiG5eV2gc0oUym03boZBJmJkqJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOZMacf5tgpr6xubW8Xt0s7u3v6BXT5sqyiRhLZIxCPZDbCinAna0kxz2o0lxWHAaSeY3GR+54FKxSJxr6cx9UM8EmzICNZG6tvlJvKYQF6I9ZhgnjZnfbviVJ050Cpxc1KBHI2+/eUNIpKEVGjCsVI914m1n2KpGeF0VvISRWNMJnhEe4YKHFLlp/PoM3RqlAEaRtI8odFc/b2R4lCpaRiYySyiWvYy8T+vl+jhlZ8yESeaCrI4NEw40hHKekADJinRfGoIJpKZrIiMscREm7ZKpgR3+curpF2ruufV2t1FpX6d11GEYziBM3DhEupwCw1oAYFHeIZXeLOerBfr3fpYjBasfOcI/sD6/AGrIJOg</latexit>

|S| = c|A|
<latexit sha1_base64="/RI/zom6ZXD5cirZVUG/jrmp4pU=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJ4KkkV9CJUvXisaD+gDWWzmbRLN5uwu7GUpD/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM82JGpbLtb2NldW19Y7OwVdze2d3bN0sHTRklgkCDRCwSbQ9LYJRDQ1HFoB0LwKHHoOUNb6d+6wmEpBF/VOMY3BD3OQ0owUpLPbOUPWRX3RH1YYBVml1nk55Ztiv2DNYycXJSRjnqPfOr60ckCYErwrCUHceOlZtioShhMCl2EwkxJkPch46mHIcg3XR2+sQ60YpvBZHQxZU1U39PpDiUchx6ujPEaiAXvan4n9dJVHDpppTHiQJO5ouChFkqsqY5WD4VQBQba4KJoPpWiwywwETptIo6BGfx5WXSrFacs0r1/rxcu8njKKAjdIxOkYMuUA3doTpqIIJG6Bm9ojcjM16Md+Nj3rpi5DOH6A+Mzx/EapRU</latexit>

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>

Contributions:
1. Non-parametric 

estimation of  altered 
subnetwork size

2. Different subnetwork 
topologies (connectivity, 
edge density, cut size, …)
• Define topology for 

network 
propagation 
(random walks) 

In paper (RECOMB 2022 + JCB): improved identification of  disease genes in cancer + GWAS
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where anomaly                is a member of  
anomaly family

Anomaly detection in statistics/ML
Normal means problem: Data                          independently distributed asX1, . . . , Xn

<latexit sha1_base64="0IfTjFLebn5+4PnhFSFaL0C+Yx0=">AAAB+HicbVDLSgNBEOyNrxgfiXr0MhgEDyHsRkGPQS8eI5i4kCzL7GQ2GTL7YKZXiCFf4sWDIl79FG/+jZNkD5pYMFBUddE9FaRSaLTtb6uwtr6xuVXcLu3s7u2XKweHHZ1kivE2S2Si3IBqLkXM2yhQcjdVnEaB5A/B6GbmPzxypUUS3+M45V5EB7EIBaNoJL9Sdn2nRnr9BHWNuL5RqnbdnoOsEicnVcjR8itfJsyyiMfIJNW669gpehOqUDDJp6VepnlK2YgOeNfQmEZce5P54VNyapQ+CRNlXoxkrv5OTGik9TgKzGREcaiXvZn4n9fNMLzyJiJOM+QxWywKM0kwIbMWSF8ozlCODaFMCXMrYUOqKEPTVcmU4Cx/eZV0GnXnvN64u6g2r/M6inAMJ3AGDlxCE26hBW1gkMEzvMKb9WS9WO/Wx2K0YOWZI/gD6/MH+guSAA==</latexit>

Xi ⇠
(
N(µ, 1) if i 2 A

N(0, 1) otherwise
<latexit sha1_base64="fqm2Jvhbzsl4oGfwEs8ndgtxdP0="></latexit>

0 µ
X1 X2 X3 · · · Xn

AS = In

Intervals
<latexit sha1_base64="KWRYxYmJlTIqNgWAIpUfZfJNoJ0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSRV0GPRi94q2A9oQ9lsJ+3SzSbsTool9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QSK4Rtf9tgpr6xubW8Xt0s7u3v6BfXjU1HGqGDRYLGLVDqgGwSU0kKOAdqKARoGAVjC6nfmtMSjNY/mIkwT8iA4kDzmjaKSebXcRnjC7lwhqTIWe9uyyW3HncFaJl5MyyVHv2V/dfszSCCQyQbXueG6CfkYVciZgWuqmGhLKRnQAHUMljUD72fzyqXNmlL4TxsqURGeu/p7IaKT1JApMZ0RxqJe9mfif10kxvPYzLpMUQbLFojAVDsbOLAanzxUwFBNDKFPc3OqwIVWUmRx0yYTgLb+8SprVindRqT5clms3eRxFckJOyTnxyBWpkTtSJw3CyJg8k1fyZmXWi/VufSxaC1Y+c0z+wPr8AVuClCA=</latexit>

columns of A

rows
of A

S = MN

Submatrices
<latexit sha1_base64="cGjey6xv8N6ouSDxOELXrLxqyFU=">AAAB+3icbVDLSsNAFJ34rPVV69JNsAiuSlIFXRbduKxoH9CGMpnetEMnkzBzIy0hv+LGhSJu/RF3/o3TNgttPTBwOOde7pnjx4JrdJxva219Y3Nru7BT3N3bPzgsHZVbOkoUgyaLRKQ6PtUguIQmchTQiRXQ0BfQ9se3M7/9BErzSD7iNAYvpEPJA84oGqlfKvcQJpg+JH5IUXEGOuuXKk7VmcNeJW5OKiRHo1/66g0iloQgkQmqddd1YvRSqpAzAVmxl2iIKRvTIXQNlTQE7aXz7Jl9ZpSBHUTKPIn2XP29kdJQ62nom0mTcKSXvZn4n9dNMLj2Ui7jBEGyxaEgETZG9qwIe8AVMBRTQyhT3GS12YgqytDUVTQluMtfXiWtWtW9qNbuLyv1m7yOAjkhp+ScuOSK1MkdaZAmYWRCnskrebMy68V6tz4Wo2tWvnNM/sD6/AHlypT+</latexit>

A

S = CG

Connected Subgraphs
<latexit sha1_base64="a6bez0XYmd1QJk1X3RzxCWEuR6M=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KkkVdFnsxmVF+4A2lMnkph06mYSZiVhCwY2/4saFIm79CXf+jdM2C209MHA4517unOMnnCntON/W0vLK6tp6YaO4ubW9s2vv7TdVnEoKDRrzWLZ9ooAzAQ3NNId2IoFEPoeWP6xN/NY9SMVicadHCXgR6QsWMkq0kXr2YVfDg85qsRBANQT4NvX7kiQDNe7ZJafsTIEXiZuTEspR79lf3SCmaQRCU06U6rhOor2MSM0oh3GxmypICB2SPnQMFSQC5WXTDGN8YpQAh7E0T2g8VX9vZCRSahT5ZjIieqDmvYn4n9dJdXjpZUwkqQZBZ4fClGMd40khOGDSJOcjQwiVzPwV0wGRxLQhVdGU4M5HXiTNStk9K1duzkvVq7yOAjpCx+gUuegCVdE1qqMGougRPaNX9GY9WS/Wu/UxG12y8p0D9AfW5w+ttpgu</latexit>

Anomalies are time 
intervals

Anomalies are 
submatrices

Anomalies are 
connected 
subgraphs

A 2 S
<latexit sha1_base64="jsdSv9V1FKE+69xTTRvIoDOmi5I=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UUJBgLLIxF0IfURJXjuq1Vx4lsB1SFfgoLAwix8iVs/A1OmwFajmTp6Jx7dY9PEHOmtON8W4WV1bX1jeJmaWt7Z3fPLu+3VJRIQpsk4pHsBFhRzgRtaqY57cSS4jDgtB2MrzO//UClYpG415OY+iEeCjZgBGsj9ezyJfKYQF6I9Yhgnt5Ne3bFqTozoGXi5qQCORo9+8vrRyQJqdCEY6W6rhNrP8VSM8LptOQlisaYjPGQdg0VOKTKT2fRp+jYKH00iKR5QqOZ+nsjxaFSkzAwk1lEtehl4n9eN9GDCz9lIk40FWR+aJBwpCOU9YD6TFKi+cQQTCQzWREZYYmJNm2VTAnu4peXSatWdU+rtduzSv0qr6MIh3AEJ+DCOdThBhrQBAKP8Ayv8GY9WS/Wu/UxHy1Y+c4B/IH1+QOOuJOO</latexit>

S
<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>

ICML 2021: We extend theoretical 
results and show: MLE is biased iff  
number of  sets in anomaly family      
containing A is exponential
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S
<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>



3
2
1
0

NetMix (α = 0.05)

Our Estimator
<latexit sha1_base64="QWyIT8PToVgjZQ3EgDUsPj9G1pY=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWaqoMuiCO6sYB/QDiWTZtrQTDIkd8Q6FH/FjQtF3Pof7vwb08dCWw8EDufcyz05YSK4Ac/7dhYWl5ZXVnNr+fWNza1td2e3ZlSqKatSJZRuhMQwwSWrAgfBGolmJA4Fq4f9y5Ffv2facCXvYJCwICZdySNOCVip7e63gD1AdpNqfGWAxwSUHrbdglf0xsDzxJ+SApqi0na/Wh1F05hJoIIY0/S9BIKMaOBUsGG+lRqWENonXda0VJKYmSAbpx/iI6t0cKS0fRLwWP29kZHYmEEc2kkbr2dmvZH4n9dMIToPMi6TFJikk0NRKjAoPKoCd7hmFMTAEkI1t1kx7RFNKNjC8rYEf/bL86RWKvonxdLtaaF8Ma0jhw7QITpGPjpDZXSNKqiKKHpEz+gVvTlPzovz7nxMRhec6c4e+gPn8wcQmZWe</latexit>

3
2
1
0

SS (α = 0.05) 3
2
1
0

SS (α = 0.05)

3
2
1
0

SS (α = 0.05)

True positive False negativeFalse positive

3
2
1
0

SS (α = 0.05)

MLE
<latexit sha1_base64="UBiLhGdvPt0+vM5Ywdbk0lwtuwo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GNRBA8KFewHtqFstpt26WYTdidiCf0XXjwo4tV/481/47bNQVsfDDzem2Fmnh8LrtFxvq3c0vLK6lp+vbCxubW9U9zda+goUZTVaSQi1fKJZoJLVkeOgrVixUjoC9b0h5cTv/nIlOaRvMdRzLyQ9CUPOCVopIcOsidMb2+uxt1iySk7U9iLxM1ICTLUusWvTi+iScgkUkG0brtOjF5KFHIq2LjQSTSLCR2SPmsbKknItJdOLx7bR0bp2UGkTEm0p+rviZSEWo9C33SGBAd63puI/3ntBINzL+UyTpBJOlsUJMLGyJ68b/e4YhTFyBBCFTe32nRAFKFoQiqYENz5lxdJo1J2T8qVu9NS9SKLIw8HcAjH4MIZVOEaalAHChKe4RXeLG29WO/Wx6w1Z2Uz+/AH1ucPkxuQ2Q==</latexit>

MLE
<latexit sha1_base64="UBiLhGdvPt0+vM5Ywdbk0lwtuwo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GNRBA8KFewHtqFstpt26WYTdidiCf0XXjwo4tV/481/47bNQVsfDDzem2Fmnh8LrtFxvq3c0vLK6lp+vbCxubW9U9zda+goUZTVaSQi1fKJZoJLVkeOgrVixUjoC9b0h5cTv/nIlOaRvMdRzLyQ9CUPOCVopIcOsidMb2+uxt1iySk7U9iLxM1ICTLUusWvTi+iScgkUkG0brtOjF5KFHIq2LjQSTSLCR2SPmsbKknItJdOLx7bR0bp2UGkTEm0p+rviZSEWo9C33SGBAd63puI/3ntBINzL+UyTpBJOlsUJMLGyJ68b/e4YhTFyBBCFTe32nRAFKFoQiqYENz5lxdJo1J2T8qVu9NS9SKLIw8HcAjH4MIZVOEaalAHChKe4RXeLG29WO/Wx6w1Z2Uz+/AH1ucPkxuQ2Q==</latexit>

Our Estimator
<latexit sha1_base64="QWyIT8PToVgjZQ3EgDUsPj9G1pY=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWaqoMuiCO6sYB/QDiWTZtrQTDIkd8Q6FH/FjQtF3Pof7vwb08dCWw8EDufcyz05YSK4Ac/7dhYWl5ZXVnNr+fWNza1td2e3ZlSqKatSJZRuhMQwwSWrAgfBGolmJA4Fq4f9y5Ffv2facCXvYJCwICZdySNOCVip7e63gD1AdpNqfGWAxwSUHrbdglf0xsDzxJ+SApqi0na/Wh1F05hJoIIY0/S9BIKMaOBUsGG+lRqWENonXda0VJKYmSAbpx/iI6t0cKS0fRLwWP29kZHYmEEc2kkbr2dmvZH4n9dMIToPMi6TFJikk0NRKjAoPKoCd7hmFMTAEkI1t1kx7RFNKNjC8rYEf/bL86RWKvonxdLtaaF8Ma0jhw7QITpGPjpDZXSNKqiKKHpEz+gVvTlPzovz7nxMRhec6c4e+gPn8wcQmZWe</latexit>

Simulated disease outbreak in northeast US Real data: NYC breast cancer incidence

MLE is biased for spatial anomalies

MLE = network version of  widely-used “spatial 
scan statistic”
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• Vertices = points in space
• Edges connect adjacent 

points in space
• Score = disease incidence

High score

Low score

Spatial adjacency graph



Summary
Generative model for altered subnetworks

We show: MLE is asymptotically biased for connected 
subgraphs

NetMix/NetMix2: asymptotically unbiased altered 
subnetwork algorithms
 Idea: fit vertex scores to mixture model before 

using network

Results extend to anomaly detection in machine 
learning/statistics
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A
columns of A

rows
of A

N(0, 1)

<latexit sha1_base64="IiDjz2mLOw3wIoLChYfl43qEUC8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJuiOgx6MWTRDAPSJYwO5lNxszOLDOzQljyD148KOLV//Hm3zh5IJpY0FBUddPdFcScaeO6X05mZXVtfSO7mdva3tndy+8fNLRMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4fXEbz5SpZkU92YUUz/CfcFCRrCxUuO26J55p918wS25U6Af4i2SAsxR6+Y/Oz1JkogKQzjWuu25sfFTrAwjnI5znUTTGJMh7tO2pQJHVPvp9NoxOrFKD4VS2RIGTdXfEymOtB5Fge2MsBnoRW8i/ue1ExNe+ikTcWKoILNFYcKRkWjyOuoxRYnhI0swUczeisgAK0yMDShnQ1h6eZk0yiWvUjq/qxSqV/M4snAEx1AEDy6gCjdQgzoQeIAneIFXRzrPzpvzPmvNOPOZQ/gD5+MbtvSN6w==</latexit>

N(bµGMM, 1)
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Future idea: anomaly detection in spatial 
transcriptomics?



Spatial variation in gene expression
• Ma*, Chitra*, et al. RECOMB 2022 + Cell Systems.
• Chitra et al. RECOMB 2024 + in review at Nature Methods.

Spatial biology

Altered subnetwork identification
• Reyna*, Chitra*, et al. RECOMB 2020 + JCB.
• Chitra et al. ICML 2021.
• Chitra*, Park*, Raphael. RECOMB 2022 + JCB.

Network interactions 
and anomalies

Learning genetic interactions
• Chitra*, Arnold*, Raphael. In 

review at Nature Genetics.
• Shuaibi*, Chitra*, Raphael. In 

submission at RECOMB-CCB.

Machine learning + data mining
• Chitra and Raphael. ICML 2019. 
• Chitra and Musco. WSDM 2020.

My thesis: computational methods for understanding complex 
biological systems

insert

Cell-cell interactions
• Sarkar*, Chitra*, et al. In submission at 

ISMB 2024.

* indicates joint first authorship
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71

— Gian-Carlo Rota (MIT)

Is a computational biologist’s job mainly that of  “analyzing biological data?”

What does a computational biology researcher do?

No! We also try to (1) identify biologically interesting problems and (2) find mathematically 
“elegant” solutions to problems
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Thank you!
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Ben Raphael
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Bernard Chazelle Ellen Zhong Yuri Pritykin Fei Chen 

Advisor



Almost a decade working with Ben
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Group retreat, summer 2015

Group retreat, summer 2023
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Extra content
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Belayer – simulated data
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Belayer accurately identifies cortical layers in human DLPFC

Takeaway: Global spatial model (Belayer) > local models 78



Different accuracy 
metrics: DLPFC
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RCTD cell type labels

Belayer identifies spatially coherent cortical layers
(mouse somatosensory cortex data, SlideSeqV2)

Data from Stickels et al., 2021
RCTD [Cable et al., 2021]

SpaGCN: reference-free 
+ local spatial model 
(GNN)

Belayer: reference-free + 
global spatial model

cell types
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Belayer identifies spatially varying genes
(mouse somatosensory cortex data, SlideSeqV2)
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Continuous gradients in tumor 
microenvironment

Cancer

Stroma

C
Spatial domains

D
Continuous gradients and discontinuous 

variation in gene expression

E Spatial variation in cell type 
organization

Isodepth

F
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Isodepth

Spatially resolved transcriptomics data

Gene expression
Coordinates

GASTON
Gradient Analysis of Spatial Transcriptomics 

Organization with Neural networks

Topographic map of tissue slice

…

Isodepth
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Input: Spatial coordinates

Output: Gene expression

Hidden layer: 
isodepth

A

B

Downstream analyses

Ex
pr
es
si
on

Isodepth



GASTON – model selection (elbow)
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GASTON – cerebellum 
(spatial domains)



GASTON – cerebellum 
(spatial expression patterns)



GASTON – colorectal 
tumor

CellType
Fibroblast

Tumor

Lamina Propria

Louvrain Clustering Assignments

CellType
Fibroblast

Tumor

Lamina Propria

Louvrain Clustering Assignments

Seurat cell types Tumor growth rate
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LGR5 expressionD

GASTON – colorectal 
tumor (more patterns)



Comparison of  domains on colorectal tumor
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Olfactory bulb (Stereo-seq)
SpaGCNGASTONDAPI 

Stain

SpaceFlow 
(diffusion pseudotime)

Isodepth and 
spatial gradients

Isodepth
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Astrocytes 
only

Other 
attributable 

gradient

GAD1, all 
cell types

Granules 
only

Isodepth

Cell type-
attributable 

gradient
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)

9,825 spots ⨉ 27,106 genes
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Comparison b/w GASTON and Belayer



A

B
Manual annotation BelayerGASTON

C

DLPFC Layer 4

DLPFC Layer 2
DLPFC/GASTON/Belayer Layer 1

DLPFC/GASTON/Belayer Layer 3

DLPFC/GASTON/Belayer Layer 5

DLPFC/GASTON/Belayer 
White Matter (WM)

DLPFC/GASTON/Belayer Layer 6

D
Isodepth and 
spatial gradients

GASTON – DLPFC



A B

E

C D

GASTON SpaceFlow 
(diffusion pseudotime)

GASTON – SpaceFlow comparison (cerebellum)



GASTON – mouse primary motor cortex (MERFISH)



GASTON – breast cancer (10x Xenium)
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GASTON – 
mouse embryo day 
9.5 (Stereo-seq)
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Application of  GASTON to metabolomics (Clover Zheng)

96

Testing GASTON w/ simulated 
hexagonal geometries:

True isodepth d(x,y)

GASTON-estimated isodepth



GMM yields less biased estimate of  altered 
subnetwork size

Xv ⇠ (1� ↵) ·N(0, 1) + ↵ ·N(µ, 1)
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GMM:

vs

MLE:
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Fit vertex scores Xv to GMM

b↵GMM, bµGMM
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and estimate GMM parameters

𝛼 = proportion of  vertices in altered subnetwork 
𝜇 = mean of  altered subnetwork distribution

We prove (ICML 2021): GMM yields 
asymptotically unbiased estimates of  𝛼, 
𝜇, i.e.

lim
n!1

|b↵GMM � ↵| = 0
<latexit sha1_base64="or7Ew1tG9hjxRpxiG6t6JwFfWPg="></latexit>

lim
n!1

|bµGMM � µ| = 0
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Model mis-specification helps!
(Fitting ASD with GMM)



Challenge: Connectivity is a weak topological constraint!
Networks have small diameter – most subnetworks are “almost connected”
Algorithms not much better compared to not using interaction network

Simulations from our 
generative model where 
altered subnetwork is 
connected subgraph

99



Network propagation (network diffusion)
Use of random walks to “propagate”/smooth vertex scores across network

100

Network 
propagation

High

Low



Network propagation uses global network structure

101
Random walk 
similarity matrix

Network propagation = Matrix-vector multiplication

Cowen et al (Nature Reviews Genetics 2017)

Cowen et al (Nature Reviews Genetics 2017)Vertex scores



Network propagation is standard for ranking vertices

Personalized PageRank is asymptotically optimal for 
ranking in random graph models (PNAS 2017) 102

Known
Unknown

High

Low

Binary vertex scores XRank vertices based on similarity to vertices w/ known characteristics e.g. genes associated with a 
specific disease (binary vertex scores Xv )

Random walk 
similarity matrix Vertex scores



How to use network propagation to identify altered 
subnetworks?

High

Low

103

Network 
propagation

Question: how to identify altered subnetwork from 
propagated gene scores?



Existing network propagation methods use ad hoc heuristics to 
identify altered subnetworks

High

Low

Network 
propagation

Ex: PRINCE: “We aim at inferring densely connected protein complexes that contain 
high scoring proteins … we start with the top 100 [propagated] scoring proteins as 
seeds … To each seed we iteratively add a neighboring protein with the highest score 
… A refinement phase takes place where proteins are removed from a putative 
complex to ensure that … its member proteins are densely interacting.”

Issue: These algorithms lack rigorous statistical guarantees – hard to investigate 
fundamental issues like bias

104

HotNet2

PRINCE



Recent work shows existing approaches biased towards “high 
centrality” vertices

105

“Our study reports on a different bias that is prevalent in AMI 
solutions: their tendency to report non-specific GO 
terms. …we observed that many enriched GO terms also 
appear on permuted datasets, suggesting that such enrichment 
stems from some proprieties of  the network, algorithm, or the 
data that bias the results.”

“Our results indicate that classical but also supposedly 
bias-aware [altered subnetwork algorithms] extract 
disease modules based on the node degree”

Algorithms benchmark against existing network algorithms – can hide biases shared across methods



Our work:

106

• Extend altered subnetwork generative model
• Model different altered subnetwork topologies (“subnetwork families”)
• Derive propagation family – “approximates” subnetworks found by network 

propagation

•NetMix2 algorithm for altered subnetwork identification with different 
subnetwork families
• w/ propagation family: principled network propagation algorithm for altered 

subnetwork identification

• Simple baselines for evaluating network algorithms – “scores only” and 
“network only” 



0 µ

Generative model: Altered Subnetwork Distribution
• G=(V, E) is interaction network
•       is subnetwork family (set of  subsets of  V)
•                 is the altered subnetwork

Vertex scores                   are distributed as(Xv)v2V
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Example of  distributions: z-scores

Da = N(µ, 1)
<latexit sha1_base64="Zicd3UDs0yHa6t0WoPJrIJXJYos=">AAACCHicbVDLSsNAFJ3UV62vqEsXBotQQUpSBd0IRV24kgr2AU0Ik+m0HTp5MHMjlpClG3/FjQtF3PoJ7vwbJ20WWj1w4XDOvdx7jxdxJsE0v7TC3PzC4lJxubSyura+oW9utWQYC0KbJOSh6HhYUs4C2gQGnHYiQbHvcdr2RheZ376jQrIwuIVxRB0fDwLWZwSDklx91/YxDAnmyWXqJjbQe0hwmp5dV2w/PrQOXL1sVs0JjL/EykkZ5Wi4+qfdC0ns0wAIx1J2LTMCJ8ECGOE0LdmxpBEmIzygXUUD7FPpJJNHUmNfKT2jHwpVARgT9edEgn0px76nOrOz5ayXif953Rj6p07CgigGGpDpon7MDQiNLBWjxwQlwMeKYCKYutUgQywwAZVdSYVgzb78l7RqVeuoWrs5LtfP8ziKaAftoQqy0AmqoyvUQE1E0AN6Qi/oVXvUnrU37X3aWtDymW30C9rHN4SbmZ8=</latexit>

Db = N(0, 1)
<latexit sha1_base64="l0eiGvI+sjAsMlPYZNusGf+wYTE=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWoICWpgm6Eoi5cSQX7gCaEyXTaDp08mLkRS8jKjb/ixoUibv0Gd/6NkzYLrR64cDjnXu69x4s4k2CaX1phbn5hcam4XFpZXVvf0De3WjKMBaFNEvJQdDwsKWcBbQIDTjuRoNj3OG17o4vMb99RIVkY3MI4oo6PBwHrM4JBSa6+a/sYhgTz5DJ1ExvoPSRemp5dV8xD68DVy2bVnMD4S6yclFGOhqt/2r2QxD4NgHAsZdcyI3ASLIARTtOSHUsaYTLCA9pVNMA+lU4yeSM19pXSM/qhUBWAMVF/TiTYl3Lse6ozO1rOepn4n9eNoX/qJCyIYqABmS7qx9yA0MgyMXpMUAJ8rAgmgqlbDTLEAhNQyZVUCNbsy39Jq1a1jqq1m+Ny/TyPo4h20B6qIAudoDq6Qg3URAQ9oCf0gl61R+1Ze9Pep60FLZ/ZRr+gfXwDih+Yfg==</latexit>

A 2 S
<latexit sha1_base64="jsdSv9V1FKE+69xTTRvIoDOmi5I=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UUJBgLLIxF0IfURJXjuq1Vx4lsB1SFfgoLAwix8iVs/A1OmwFajmTp6Jx7dY9PEHOmtON8W4WV1bX1jeJmaWt7Z3fPLu+3VJRIQpsk4pHsBFhRzgRtaqY57cSS4jDgtB2MrzO//UClYpG415OY+iEeCjZgBGsj9ezyJfKYQF6I9Yhgnt5Ne3bFqTozoGXi5qQCORo9+8vrRyQJqdCEY6W6rhNrP8VSM8LptOQlisaYjPGQdg0VOKTKT2fRp+jYKH00iKR5QqOZ+nsjxaFSkzAwk1lEtehl4n9eN9GDCz9lIk40FWR+aJBwpCOU9YD6TFKi+cQQTCQzWREZYYmJNm2VTAnu4peXSatWdU+rtduzSv0qr6MIh3AEJ+DCOdThBhrQBAKP8Ayv8GY9WS/Wu/UxHy1Y+c4B/IH1+QOOuJOO</latexit>

Examples of  subnetwork families:
S = CG

<latexit sha1_base64="TfnfnMSAKE6r1C5Vc+FK1F8YheE=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgquSVEE3QrELXVa0rdCGMJlO2qGTCzMToYTixldx40IRtz6FO9/GSRtEW38Y+PjPOcw5vxdzJpVlfRmFhcWl5ZXiamltfWNzy9zeackoEYQ2ScQjcedhSTkLaVMxxeldLCgOPE7b3rCe1dv3VEgWhbdqFFMnwP2Q+YxgpS3X3OsGWA0I5unN+PyH62P30jXLVsWaCM2DnUMZcjVc87Pbi0gS0FARjqXs2FasnBQLxQin41I3kTTGZIj7tKMxxAGVTjo5YYwOtdNDfiT0CxWauL8nUhxIOQo83ZktKWdrmflfrZMo/8xJWRgnioZk+pGfcKQilOWBekxQovhIAyaC6V0RGWCBidKplXQI9uzJ89CqVuzjSvX6pFy7yOMowj4cwBHYcAo1uIIGNIHAAzzBC7waj8az8Wa8T1sLRj6zC39kfHwDgYWXfg==</latexit>

S = EG,p
<latexit sha1_base64="Ktnk3UnaqUkzMX1ET6ml1Ro05K8=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiuJCSVEE3QlFElxXtBdoQJtNJO3QyCTMToYSs3Pgqblwo4tZncOfbOGmDaOsPAx//OYc55/ciRqWyrC+jMDe/sLhUXC6trK6tb5ibW00ZxgKTBg5ZKNoekoRRThqKKkbakSAo8BhpecOLrN66J0LSkN+pUUScAPU59SlGSluuudsNkBpgxJLb9OyHL1M3uTqMUtcsWxVrLDgLdg5lkKvump/dXojjgHCFGZKyY1uRchIkFMWMpKVuLEmE8BD1SUcjRwGRTjI+I4X72ulBPxT6cQXH7u+JBAVSjgJPd2aLyulaZv5X68TKP3USyqNYEY4nH/kxgyqEWSawRwXBio00ICyo3hXiARIIK51cSYdgT588C81qxT6qVG+Oy7XzPI4i2AF74ADY4ATUwDWogwbA4AE8gRfwajwaz8ab8T5pLRj5zDb4I+PjG6exmTw=</latexit>

S = TG,⇢
<latexit sha1_base64="SLQxQIqZRXBaO0OIoJ5xRqbuf48=">AAACCXicbZDLSsNAFIYnXmu9RV26GSyCCylJFXQjFF3osmJv0IQwmU7aoZNMmJkIJWTrxldx40IRt76BO9/GSRtEW38Y+PjPOcw5vx8zKpVlfRkLi0vLK6ultfL6xubWtrmz25Y8EZi0MGdcdH0kCaMRaSmqGOnGgqDQZ6Tjj67yeueeCEl51FTjmLghGkQ0oBgpbXkmdEKkhhix9C67+OFm5qXXx44Y8swzK1bVmgjOg11ABRRqeOan0+c4CUmkMENS9mwrVm6KhKKYkazsJJLECI/QgPQ0Rigk0k0nl2TwUDt9GHChX6TgxP09kaJQynHo6858Vzlby83/ar1EBeduSqM4USTC04+ChEHFYR4L7FNBsGJjDQgLqneFeIgEwkqHV9Yh2LMnz0O7VrVPqrXb00r9soijBPbBATgCNjgDdXADGqAFMHgAT+AFvBqPxrPxZrxPWxeMYmYP/JHx8Q0mSpqe</latexit>

Cut family = subgraphs with cut(S) < ρ

Edge-dense family = subgraphs with density(S) > p

Connected family = connected subgraphs S ⊆ V
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Da
<latexit sha1_base64="5YKt2J/yWgJf90n3of4AYGeaPsY=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkpSBV0WdeGygn1AE8JkOm2HTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMyeIOVNg299GaWl5ZXWtvF7Z2Nza3jF399oqSiShLRLxSHYDrChngraAAafdWFIcBpx2gvFV7nfuqVQsEncwiakX4qFgA0YwaMk3D9wQw4hgnl5nfuoCfYAUZ5lvVu2aPYW1SJyCVFGBpm9+uf2IJCEVQDhWqufYMXgplsAIp1nFTRSNMRnjIe1pKnBIlZdO82fWsVb61iCS+gmwpurvjRSHSk3CQE/madW8l4v/eb0EBhdeykScABVkdmiQcAsiKy/D6jNJCfCJJphIprNaZIQlJqArq+gSnPkvL5J2veac1uq3Z9XGZVFHGR2iI3SCHHSOGugGNVELEfSIntErejOejBfj3fiYjZaMYmcf/YHx+QMbWpbO</latexit>

Db
<latexit sha1_base64="lQNAmi3nddVDM0KPoJ/xQrEMfBg=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkpSBV0WdeGygn1AE8JkOm2HTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMyeIOVNg299GaWl5ZXWtvF7Z2Nza3jF399oqSiShLRLxSHYDrChngraAAafdWFIcBpx2gvFV7nfuqVQsEncwiakX4qFgA0YwaMk3D9wQw4hgnl5nfuoCfYA0yDLfrNo1ewprkTgFqaICTd/8cvsRSUIqgHCsVM+xY/BSLIERTrOKmygaYzLGQ9rTVOCQKi+d5s+sY630rUEk9RNgTdXfGykOlZqEgZ7M06p5Lxf/83oJDC68lIk4ASrI7NAg4RZEVl6G1WeSEuATTTCRTGe1yAhLTEBXVtElOPNfXiTtes05rdVvz6qNy6KOMjpER+gEOegcNdANaqIWIugRPaNX9GY8GS/Gu/ExGy0Zxc4++gPj8wcc4JbP</latexit>

= altered distribution 
(unknown)

= background distribution 
(typically known)



Generative model: Altered Subnetwork Distribution
• G=(V, E) is interaction network
•       is subnetwork family (set of  subsets of  V)
•                 is the altered subnetwork

Vertex scores                   are distributed as(Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

S
<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>

High

Low

A 2 S
<latexit sha1_base64="jsdSv9V1FKE+69xTTRvIoDOmi5I=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UUJBgLLIxF0IfURJXjuq1Vx4lsB1SFfgoLAwix8iVs/A1OmwFajmTp6Jx7dY9PEHOmtON8W4WV1bX1jeJmaWt7Z3fPLu+3VJRIQpsk4pHsBFhRzgRtaqY57cSS4jDgtB2MrzO//UClYpG415OY+iEeCjZgBGsj9ezyJfKYQF6I9Yhgnt5Ne3bFqTozoGXi5qQCORo9+8vrRyQJqdCEY6W6rhNrP8VSM8LptOQlisaYjPGQdg0VOKTKT2fRp+jYKH00iKR5QqOZ+nsjxaFSkzAwk1lEtehl4n9eN9GDCz9lIk40FWR+aJBwpCOU9YD6TFKi+cQQTCQzWREZYYmJNm2VTAnu4peXSatWdU+rtduzSv0qr6MIh3AEJ+DCOdThBhrQBAKP8Ayv8GY9WS/Wu/UxHy1Y+c4B/IH1+QOOuJOO</latexit>

Altered Subnetwork Problem (ASP): Given graph G, subnetwork family      and 
vertex scores                 , find altered subnetwork A.(Xv)v2V

<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

S
<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>

A
<latexit sha1_base64="Lihtv2jYSe0RaYbwwPdS8141boc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJQrjMk=</latexit>

ASP = estimating parameters of  distribution 108



Small distance between 
distributions         , 

Large distance between 
distributions        , Da

<latexit sha1_base64="5YKt2J/yWgJf90n3of4AYGeaPsY=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkpSBV0WdeGygn1AE8JkOm2HTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMyeIOVNg299GaWl5ZXWtvF7Z2Nza3jF399oqSiShLRLxSHYDrChngraAAafdWFIcBpx2gvFV7nfuqVQsEncwiakX4qFgA0YwaMk3D9wQw4hgnl5nfuoCfYAUZ5lvVu2aPYW1SJyCVFGBpm9+uf2IJCEVQDhWqufYMXgplsAIp1nFTRSNMRnjIe1pKnBIlZdO82fWsVb61iCS+gmwpurvjRSHSk3CQE/madW8l4v/eb0EBhdeykScABVkdmiQcAsiKy/D6jNJCfCJJphIprNaZIQlJqArq+gSnPkvL5J2veac1uq3Z9XGZVFHGR2iI3SCHHSOGugGNVELEfSIntErejOejBfj3fiYjZaMYmcf/YHx+QMbWpbO</latexit>

Db
<latexit sha1_base64="lQNAmi3nddVDM0KPoJ/xQrEMfBg=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkpSBV0WdeGygn1AE8JkOm2HTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMyeIOVNg299GaWl5ZXWtvF7Z2Nza3jF399oqSiShLRLxSHYDrChngraAAafdWFIcBpx2gvFV7nfuqVQsEncwiakX4qFgA0YwaMk3D9wQw4hgnl5nfuoCfYA0yDLfrNo1ewprkTgFqaICTd/8cvsRSUIqgHCsVM+xY/BSLIERTrOKmygaYzLGQ9rTVOCQKi+d5s+sY630rUEk9RNgTdXfGykOlZqEgZ7M06p5Lxf/83oJDC68lIk4ASrI7NAg4RZEVl6G1WeSEuATTTCRTGe1yAhLTEBXVtElOPNfXiTtes05rdVvz6qNy6KOMjpER+gEOegcNdANaqIWIugRPaNX9GY8GS/Gu/ExGy0Zxc4++gPj8wcc4JbP</latexit>

Da
<latexit sha1_base64="5YKt2J/yWgJf90n3of4AYGeaPsY=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkpSBV0WdeGygn1AE8JkOm2HTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMyeIOVNg299GaWl5ZXWtvF7Z2Nza3jF399oqSiShLRLxSHYDrChngraAAafdWFIcBpx2gvFV7nfuqVQsEncwiakX4qFgA0YwaMk3D9wQw4hgnl5nfuoCfYAUZ5lvVu2aPYW1SJyCVFGBpm9+uf2IJCEVQDhWqufYMXgplsAIp1nFTRSNMRnjIe1pKnBIlZdO82fWsVb61iCS+gmwpurvjRSHSk3CQE/madW8l4v/eb0EBhdeykScABVkdmiQcAsiKy/D6jNJCfCJJphIprNaZIQlJqArq+gSnPkvL5J2veac1uq3Z9XGZVFHGR2iI3SCHHSOGugGNVELEfSIntErejOejBfj3fiYjZaMYmcf/YHx+QMbWpbO</latexit>

Db
<latexit sha1_base64="lQNAmi3nddVDM0KPoJ/xQrEMfBg=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkpSBV0WdeGygn1AE8JkOm2HTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMyeIOVNg299GaWl5ZXWtvF7Z2Nza3jF399oqSiShLRLxSHYDrChngraAAafdWFIcBpx2gvFV7nfuqVQsEncwiakX4qFgA0YwaMk3D9wQw4hgnl5nfuoCfYA0yDLfrNo1ewprkTgFqaICTd/8cvsRSUIqgHCsVM+xY/BSLIERTrOKmygaYzLGQ9rTVOCQKi+d5s+sY630rUEk9RNgTdXfGykOlZqEgZ7M06p5Lxf/83oJDC68lIk4ASrI7NAg4RZEVl6G1WeSEuATTTCRTGe1yAhLTEBXVtElOPNfXiTtes05rdVvz6qNy6KOMjpER+gEOegcNdANaqIWIugRPaNX9GY8GS/Gu/ExGy0Zxc4++gPj8wcc4JbP</latexit>

is large|S|
<latexit sha1_base64="Zflfu/i2GDXAOkF1qEfil0FOsX0=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcuK9gFtKJPppB06mcSZSaGk/Q43LhRx68e482+ctFlo64GBwzn3cs8cP+ZMacf5tgpr6xubW8Xt0s7u3v6BfXjUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381phKxSLxqCcx9UI8ECxgBGsjedNuiPWQYJ4+zKY9u+xUnDnQKnFzUoYc9Z791e1HJAmp0IRjpTquE2svxVIzwums1E0UjTEZ4QHtGCpwSJWXzkPP0JlR+iiIpHlCo7n6eyPFoVKT0DeTWUa17GXif14n0cG1lzIRJ5oKsjgUJBzpCGUNoD6TlGg+MQQTyUxWRIZYYqJNTyVTgrv85VXSrFbci0r1/rJcu8nrKMIJnMI5uHAFNbiDOjSAwBM8wyu8WWPrxXq3PhajBSvfOYY/sD5/AFk3knk=</latexit>

is small|S|
<latexit sha1_base64="Zflfu/i2GDXAOkF1qEfil0FOsX0=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcuK9gFtKJPppB06mcSZSaGk/Q43LhRx68e482+ctFlo64GBwzn3cs8cP+ZMacf5tgpr6xubW8Xt0s7u3v6BfXjUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381phKxSLxqCcx9UI8ECxgBGsjedNuiPWQYJ4+zKY9u+xUnDnQKnFzUoYc9Z791e1HJAmp0IRjpTquE2svxVIzwums1E0UjTEZ4QHtGCpwSJWXzkPP0JlR+iiIpHlCo7n6eyPFoVKT0DeTWUa17GXif14n0cG1lzIRJ5oKsjgUJBzpCGUNoD6TlGg+MQQTyUxWRIZYYqJNTyVTgrv85VXSrFbci0r1/rJcu8nrKMIJnMI5uHAFNbiDOjSAwBM8wyu8WWPrxXq3PhajBSvfOYY/sD5/AFk3knk=</latexit>

Hard to solve ASP

Easy to solve ASP 
without much info from 
data

“Sweet spot” – both anomaly family and 
data are important
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Hard to solve ASP
Easy to solve ASP without 
anomaly family

Data                        distributed asX1, . . . , Xn
<latexit sha1_base64="0IfTjFLebn5+4PnhFSFaL0C+Yx0=">AAAB+HicbVDLSgNBEOyNrxgfiXr0MhgEDyHsRkGPQS8eI5i4kCzL7GQ2GTL7YKZXiCFf4sWDIl79FG/+jZNkD5pYMFBUddE9FaRSaLTtb6uwtr6xuVXcLu3s7u2XKweHHZ1kivE2S2Si3IBqLkXM2yhQcjdVnEaB5A/B6GbmPzxypUUS3+M45V5EB7EIBaNoJL9Sdn2nRnr9BHWNuL5RqnbdnoOsEicnVcjR8itfJsyyiMfIJNW669gpehOqUDDJp6VepnlK2YgOeNfQmEZce5P54VNyapQ+CRNlXoxkrv5OTGik9TgKzGREcaiXvZn4n9fNMLzyJiJOM+QxWywKM0kwIbMWSF8ozlCODaFMCXMrYUOqKEPTVcmU4Cx/eZV0GnXnvN64u6g2r/M6inAMJ3AGDlxCE26hBW1gkMEzvMKb9WS9WO/Wx2K0YOWZI/gD6/MH+guSAA==</latexit>

where anomaly               is a member of  
anomaly family

A 2 S
<latexit sha1_base64="jsdSv9V1FKE+69xTTRvIoDOmi5I=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UUJBgLLIxF0IfURJXjuq1Vx4lsB1SFfgoLAwix8iVs/A1OmwFajmTp6Jx7dY9PEHOmtON8W4WV1bX1jeJmaWt7Z3fPLu+3VJRIQpsk4pHsBFhRzgRtaqY57cSS4jDgtB2MrzO//UClYpG415OY+iEeCjZgBGsj9ezyJfKYQF6I9Yhgnt5Ne3bFqTozoGXi5qQCORo9+8vrRyQJqdCEY6W6rhNrP8VSM8LptOQlisaYjPGQdg0VOKTKT2fRp+jYKH00iKR5QqOZ+nsjxaFSkzAwk1lEtehl4n9eN9GDCz9lIk40FWR+aJBwpCOU9YD6TFKi+cQQTCQzWREZYYmJNm2VTAnu4peXSatWdU+rtduzSv0qr6MIh3AEJ+DCOdThBhrQBAKP8Ayv8GY9WS/Wu/UxHy1Y+c4B/IH1+QOOuJOO</latexit>

S
<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>

i
<latexit sha1_base64="hA2BMjcr0btVk5qY1/HOr4xO94Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH0MuM8Q==</latexit>

i
<latexit sha1_base64="hA2BMjcr0btVk5qY1/HOr4xO94Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH0MuM8Q==</latexit>



Small distance between 
distributions         , 

Large distance between 
distributions        , Da

<latexit sha1_base64="5YKt2J/yWgJf90n3of4AYGeaPsY=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkpSBV0WdeGygn1AE8JkOm2HTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMyeIOVNg299GaWl5ZXWtvF7Z2Nza3jF399oqSiShLRLxSHYDrChngraAAafdWFIcBpx2gvFV7nfuqVQsEncwiakX4qFgA0YwaMk3D9wQw4hgnl5nfuoCfYAUZ5lvVu2aPYW1SJyCVFGBpm9+uf2IJCEVQDhWqufYMXgplsAIp1nFTRSNMRnjIe1pKnBIlZdO82fWsVb61iCS+gmwpurvjRSHSk3CQE/madW8l4v/eb0EBhdeykScABVkdmiQcAsiKy/D6jNJCfCJJphIprNaZIQlJqArq+gSnPkvL5J2veac1uq3Z9XGZVFHGR2iI3SCHHSOGugGNVELEfSIntErejOejBfj3fiYjZaMYmcf/YHx+QMbWpbO</latexit>

Db
<latexit sha1_base64="lQNAmi3nddVDM0KPoJ/xQrEMfBg=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkpSBV0WdeGygn1AE8JkOm2HTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMyeIOVNg299GaWl5ZXWtvF7Z2Nza3jF399oqSiShLRLxSHYDrChngraAAafdWFIcBpx2gvFV7nfuqVQsEncwiakX4qFgA0YwaMk3D9wQw4hgnl5nfuoCfYA0yDLfrNo1ewprkTgFqaICTd/8cvsRSUIqgHCsVM+xY/BSLIERTrOKmygaYzLGQ9rTVOCQKi+d5s+sY630rUEk9RNgTdXfGykOlZqEgZ7M06p5Lxf/83oJDC68lIk4ASrI7NAg4RZEVl6G1WeSEuATTTCRTGe1yAhLTEBXVtElOPNfXiTtes05rdVvz6qNy6KOMjpER+gEOegcNdANaqIWIugRPaNX9GY8GS/Gu/ExGy0Zxc4++gPj8wcc4JbP</latexit>

Da
<latexit sha1_base64="5YKt2J/yWgJf90n3of4AYGeaPsY=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkpSBV0WdeGygn1AE8JkOm2HTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMyeIOVNg299GaWl5ZXWtvF7Z2Nza3jF399oqSiShLRLxSHYDrChngraAAafdWFIcBpx2gvFV7nfuqVQsEncwiakX4qFgA0YwaMk3D9wQw4hgnl5nfuoCfYAUZ5lvVu2aPYW1SJyCVFGBpm9+uf2IJCEVQDhWqufYMXgplsAIp1nFTRSNMRnjIe1pKnBIlZdO82fWsVb61iCS+gmwpurvjRSHSk3CQE/madW8l4v/eb0EBhdeykScABVkdmiQcAsiKy/D6jNJCfCJJphIprNaZIQlJqArq+gSnPkvL5J2veac1uq3Z9XGZVFHGR2iI3SCHHSOGugGNVELEfSIntErejOejBfj3fiYjZaMYmcf/YHx+QMbWpbO</latexit>

Db
<latexit sha1_base64="lQNAmi3nddVDM0KPoJ/xQrEMfBg=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkpSBV0WdeGygn1AE8JkOm2HTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMyeIOVNg299GaWl5ZXWtvF7Z2Nza3jF399oqSiShLRLxSHYDrChngraAAafdWFIcBpx2gvFV7nfuqVQsEncwiakX4qFgA0YwaMk3D9wQw4hgnl5nfuoCfYA0yDLfrNo1ewprkTgFqaICTd/8cvsRSUIqgHCsVM+xY/BSLIERTrOKmygaYzLGQ9rTVOCQKi+d5s+sY630rUEk9RNgTdXfGykOlZqEgZ7M06p5Lxf/83oJDC68lIk4ASrI7NAg4RZEVl6G1WeSEuATTTCRTGe1yAhLTEBXVtElOPNfXiTtes05rdVvz6qNy6KOMjpER+gEOegcNdANaqIWIugRPaNX9GY8GS/Gu/ExGy0Zxc4++gPj8wcc4JbP</latexit>

is large|S|
<latexit sha1_base64="Zflfu/i2GDXAOkF1qEfil0FOsX0=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcuK9gFtKJPppB06mcSZSaGk/Q43LhRx68e482+ctFlo64GBwzn3cs8cP+ZMacf5tgpr6xubW8Xt0s7u3v6BfXjUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381phKxSLxqCcx9UI8ECxgBGsjedNuiPWQYJ4+zKY9u+xUnDnQKnFzUoYc9Z791e1HJAmp0IRjpTquE2svxVIzwums1E0UjTEZ4QHtGCpwSJWXzkPP0JlR+iiIpHlCo7n6eyPFoVKT0DeTWUa17GXif14n0cG1lzIRJ5oKsjgUJBzpCGUNoD6TlGg+MQQTyUxWRIZYYqJNTyVTgrv85VXSrFbci0r1/rJcu8nrKMIJnMI5uHAFNbiDOjSAwBM8wyu8WWPrxXq3PhajBSvfOYY/sD5/AFk3knk=</latexit>

is small|S|
<latexit sha1_base64="Zflfu/i2GDXAOkF1qEfil0FOsX0=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcuK9gFtKJPppB06mcSZSaGk/Q43LhRx68e482+ctFlo64GBwzn3cs8cP+ZMacf5tgpr6xubW8Xt0s7u3v6BfXjUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381phKxSLxqCcx9UI8ECxgBGsjedNuiPWQYJ4+zKY9u+xUnDnQKnFzUoYc9Z791e1HJAmp0IRjpTquE2svxVIzwums1E0UjTEZ4QHtGCpwSJWXzkPP0JlR+iiIpHlCo7n6eyPFoVKT0DeTWUa17GXif14n0cG1lzIRJ5oKsjgUJBzpCGUNoD6TlGg+MQQTyUxWRIZYYqJNTyVTgrv85VXSrFbci0r1/rJcu8nrKMIJnMI5uHAFNbiDOjSAwBM8wyu8WWPrxXq3PhajBSvfOYY/sD5/AFk3knk=</latexit>

Hard to solve ASP

Easy to solve ASP 
without vertex scores

“Sweet spot” - both network (subnetwork 
family) and vertex scores are necessary

Important to compare against 
naïve baselines that use 
(1) “scores only” 
(2) “network only”
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Hard to solve ASP
Easy to solve ASP 
without network



Propagation family

Alternatively: edge-dense subnetworks of  
“similarity threshold graph”

Interaction network G Similarity threshold graph 𝐺!Random walk 
similarity matrix M

Vertex 
scores Xv

network 
propagation

Vertex scores Xv 111

S = M�,p
<latexit sha1_base64="DI8r8ftnZPaGxpJTPltC7qDxXcU=">AAACDHicbVDLSsNAFL2pr1pfVZduBovgQkpSBd0IRTduhIr2AU0ok8m0HTp5MDMRSsgHuPFX3LhQxK0f4M6/cdIG0dYDA4dzzmXuPW7EmVSm+WUUFhaXlleKq6W19Y3NrfL2TkuGsSC0SUIeio6LJeUsoE3FFKedSFDsu5y23dFl5rfvqZAsDO7UOKKOjwcB6zOClZZ65YrtYzUkmCe36fkPv057ie1RrvARilKdMqvmBGieWDmpQI5Gr/xpeyGJfRoowrGUXcuMlJNgoRjhNC3ZsaQRJiM8oF1NA+xT6SSTY1J0oBUP9UOhX6DQRP09kWBfyrHv6mS2rpz1MvE/rxur/pmTsCCKFQ3I9KN+zJEKUdYM8pigRPGxJpgIpndFZIgFJkr3V9IlWLMnz5NWrWodV2s3J5X6RV5HEfZgHw7BglOowxU0oAkEHuAJXuDVeDSejTfjfRotGPnMLvyB8fENRsibvw==</latexit>

: Subgraphs S with Mu,v � �
<latexit sha1_base64="ilYODneQAGyMw0nii8YxhOB+Bpk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSEmqoMuiGzdCBfuAJoTJ5LYdOnk4MymEUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hj/hTCrL+jZWVtfWNzZLW+Xtnd29ffPgsC3jVFBo0ZjHousTCZxF0FJMcegmAkjoc+j4o5up3xmDkCyOHlSWgBuSQcT6jBKlJc+s3Hl5ejaeYGcAj9gJgCvimVWrZs2Al4ldkCoq0PTMLyeIaRpCpCgnUvZsK1FuToRilMOk7KQSEkJHZAA9TSMSgnTz2fETfKKVAPdjoStSeKb+nshJKGUW+rozJGooF72p+J/XS1X/ys1ZlKQKIjpf1E85VjGeJoEDJoAqnmlCqGD6VkyHRBCqdF5lHYK9+PIyaddr9nmtfn9RbVwXcZTQETpGp8hGl6iBblETtRBFGXpGr+jNeDJejHfjY966YhQzFfQHxucPFL+UZw==</latexit>

for p fraction of  (u, v) 2 S
<latexit sha1_base64="r5LF2SNTiaqq3XzvoSI7dnPiEX8=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MVjRfsB26Vk02wbmk2WJFsopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdbye3tr6xuZXfLuzs7u0fFA+PmlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh8G7mt0ZUaSbFkxknNIhxX7CIEWys5JfTi9E56jCBHrvFkltx50CrxMtICTLUu8WvTk+SNKbCEI619j03McEEK8MIp9NCJ9U0wWSI+9S3VOCY6mAyP3mKzqzSQ5FUtoRBc/X3xATHWo/j0HbG2Az0sjcT//P81EQ3wYSJJDVUkMWiKOXISDT7H/WYosTwsSWYKGZvRWSAFSbGplSwIXjLL6+SZrXiXVaqD1el2m0WRx5O4BTK4ME11OAe6tAAAhKe4RXeHOO8OO/Ox6I152Qzx/AHzucPhH+QGg==</latexit>

Vertices are “close” 
via random walk (also require                  if  M is not 

symmetric, eg personalized PageRank)
Mv,u � �

<latexit sha1_base64="S2+za/cxhN8cyTaye78s/ptK5oo=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSEmqoMuiGzdCBfuAJoTJ5LYdOnk4MymEUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hj/hTCrL+jZWVtfWNzZLW+Xtnd29ffPgsC3jVFBo0ZjHousTCZxF0FJMcegmAkjoc+j4o5up3xmDkCyOHlSWgBuSQcT6jBKlJc+s3Hn5+CydYGcAj9gJgCvimVWrZs2Al4ldkCoq0PTMLyeIaRpCpCgnUvZsK1FuToRilMOk7KQSEkJHZAA9TSMSgnTz2fETfKKVAPdjoStSeKb+nshJKGUW+rozJGooF72p+J/XS1X/ys1ZlKQKIjpf1E85VjGeJoEDJoAqnmlCqGD6VkyHRBCqdF5lHYK9+PIyaddr9nmtfn9RbVwXcZTQETpGp8hGl6iBblETtRBFGXpGr+jNeDJejHfjY966YhQzFfQHxucPFMGUZw==</latexit>

In RECOMB 2022 paper: some theory and 
simulations show propagation family approximates 
subnetworks found by network propagation methods



G = HINT+HI interaction network with |G|≈15000 nodes (Leiserson et al 2015)
Altered subnetwork A of  size |A|=0.01n selected uniformly at random from subnetwork family S

<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>

Scores only = {vertices w/ top-|A| scores} Network only = {vertices w/ top-|A| vertex centrality}

Network propagation = {vertices w/ top-|A| propagated scores}
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Simulations: Propagation family corresponds to the subnetworks 
identified by network propagation



Results: somatic mutations in cancer

Note: “Scores-only” has good performance – how helpful is interaction network? 113

G = STRING protein interaction network Vertex scores Xv = MutSIg2CV z-scores computed based on 
frequency of  somatic mutations in TCGA tumor samples

NetMix2 outperforms other methods at identifying previously reported driver 
mutations in cancer.



Results: GWAS

114
Network 
propagation

“scores only”

Recent study by Carlin et al (iScience 2019) – evaluates how well methods identify known disease reference 
genes



Results: GWAS

115
Network 
propagation

“scores only”

Recent study by Carlin et al (iScience 2019) – evaluates how well methods identify known disease reference 
genes

Issue: AUROC is 
poor metric for small 
reference sets! (<1% 
of  15,000 genes)



Schizophrenia
<latexit sha1_base64="fMf1jteNGIS2vA86zspl7YRINWA=">AAAB/XicbVBNS8NAEN34WetX/Lh5CRbBU0mqoMeiF48V7Qe0oWy203bpZhN2J2Ibin/FiwdFvPo/vPlv3LY5aOuDgcd7M8zMC2LBNbrut7W0vLK6tp7byG9ube/s2nv7NR0likGVRSJSjYBqEFxCFTkKaMQKaBgIqAeD64lffwCleSTvcRiDH9Ke5F3OKBqpbR+2EB4xvWN9PorivgLJ6bhtF9yiO4WzSLyMFEiGStv+anUiloQgkQmqddNzY/RTqpAzAeN8K9EQUzagPWgaKmkI2k+n14+dE6N0nG6kTEl0purviZSGWg/DwHSGFPt63puI/3nNBLuXfsplnCBINlvUTYSDkTOJwulwBQzF0BDKFDe3OqxPFWVoAsubELz5lxdJrVT0zoql2/NC+SqLI0eOyDE5JR65IGVyQyqkShgZkWfySt6sJ+vFerc+Zq1LVjZzQP7A+vwBgpqV5w==</latexit>

Type 2 Diabetes
<latexit sha1_base64="UeA99aYaoisJ7X1Ch91SxWEfBdk=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAInsJuFPQY1IPHCHlBsoTZSScZMvtgplcMaw7+ihcPinj1N7z5N06SPWhiQUNR1U13lx9LodFxvq2l5ZXVtfXcRn5za3tn197br+soURxqPJKRavpMgxQh1FCghGasgAW+hIY/vJ74jXtQWkRhFUcxeAHrh6InOEMjdezDNsIDplVj0RK9EcwHBD3u2AWn6ExBF4mbkQLJUOnYX+1uxJMAQuSSad1ynRi9lCkUXMI43040xIwPWR9ahoYsAO2l0/vH9MQoXdqLlKkQ6VT9PZGyQOtR4JvOgOFAz3sT8T+vlWDv0ktFGCcIIZ8t6iWSYkQnYdCuUMBRjgxhXAlzK+UDphhHE1nehODOv7xI6qWie1Ys3Z0XyldZHDlyRI7JKXHJBSmTW1IhNcLJI3kmr+TNerJerHfrY9a6ZGUzB+QPrM8foWqV2Q==</latexit>

Crohn’s Disease
<latexit sha1_base64="5ZCHvVW9cNPGsoPOb7dl30mg2CM=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8Egegq7UdBjMB48RjAPSEKYnXSSIbOzy0yvGNYc/BUvHhTx6m9482+cPA6aWNBQVHXPdJcfSWHQdb+d1NLyyupaej2zsbm1vZPd3auaMNYcKjyUoa77zIAUCiooUEI90sACX0LNH5TGfu0etBGhusNhBK2A9ZToCs7QSu3sQRPhAZOSDvvqxNBrYcC+Nmpnc27enYAuEm9GcmSGcjv71eyEPA5AIZfMmIbnRthKmEbBJYwyzdhAxPiA9aBhqWIBmFYy2X9Ej63Sod1Q21JIJ+rviYQFxgwD33YGDPtm3huL/3mNGLuXrUSoKEZQfPpRN5YUQzoOg3aEBo5yaAnjWthdKe8zzTjayDI2BG/+5EVSLeS9s3zh9jxXvJrFkSaH5IicEo9ckCK5IWVSIZw8kmfySt6cJ+fFeXc+pq0pZzazT/7A+fwBALGWFg==</latexit>

Bipolar Disorder
<latexit sha1_base64="WBh9Bs9AknNTnj35LJbrez+cBiA=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSrcRUHLEC0sI5gPSELY20ySJXu3x+6cGI40/hUbC0Vs/Rl2/hs3H4UmPhh4vDfDzLwglsKg5307mZXVtfWN7GZua3tnd8/dP6gZlWgOVa6k0o2AGZAigioKlNCINbAwkFAPhtcTv/4A2ggV3eMohnbI+pHoCc7QSh33qIXwiGlZxEoyTW+EUboLetxx817Bm4IuE39O8mSOSsf9anUVT0KIkEtmTNP3YmynTKPgEsa5VmIgZnzI+tC0NGIhmHY6fWBMT63SpT2lbUVIp+rviZSFxozCwHaGDAdm0ZuI/3nNBHtX7VREcYIQ8dmiXiIpKjpJg3aFBo5yZAnjWthbKR8wzTjazHI2BH/x5WVSKxb880Lx7iJfKs/jyJJjckLOiE8uSYnckgqpEk7G5Jm8kjfnyXlx3p2PWWvGmc8ckj9wPn8AQDCW0w==</latexit>

Type 1 Diabetes
<latexit sha1_base64="iCFC/2EWjnNFRvckrKaYNGzD+3I=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAInsJuFPQY1IPHCHlBsoTZSScZMvtgplcMaw7+ihcPinj1N7z5N06SPWhiQUNR1U13lx9LodFxvq2l5ZXVtfXcRn5za3tn197br+soURxqPJKRavpMgxQh1FCghGasgAW+hIY/vJ74jXtQWkRhFUcxeAHrh6InOEMjdezDNsIDplVjUZfeCOYDgh537IJTdKagi8TNSIFkqHTsr3Y34kkAIXLJtG65ToxeyhQKLmGcbycaYsaHrA8tQ0MWgPbS6f1jemKULu1FylSIdKr+nkhZoPUo8E1nwHCg572J+J/XSrB36aUijBOEkM8W9RJJMaKTMGhXKOAoR4YwroS5lfIBU4yjiSxvQnDnX14k9VLRPSuW7s4L5assjhw5IsfklLjkgpTJLamQGuHkkTyTV/JmPVkv1rv1MWtdsrKZA/IH1ucPn9yV2A==</latexit>

Rheumatoid Arthritis
<latexit sha1_base64="cpaL7Z9F685/1bTSZLY2WEyjZkE=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBCswm4UtIzaWEYxD0iWMDt7kwyZfTBzVwxLCht/xcZCEVs/ws6/cfIoNPHAwOGce7lzjp9IodFxvq2l5ZXVtfXcRn5za3tn197br+s4VRxqPJaxavpMgxQR1FCghGaigIW+hIY/uBr7jXtQWsTRHQ4T8ELWi0RXcIZG6tiFNsIDZrd9SEOGsQjohcK+Eij0qGMXnZIzAV0k7owUyQzVjv3VDmKehhAhl0zrlusk6GVMoeASRvl2qiFhfMB60DI0YiFoL5uEGNEjowS0GyvzIqQT9fdGxkKth6FvJs1P+3reG4v/ea0Uu+deJqIkRYj49FA3lRRjOm6EBkIBRzk0hPFxck55nynG0fSWNyW485EXSb1cck9K5ZvTYuVyVkeOFMghOSYuOSMVck2qpEY4eSTP5JW8WU/Wi/VufUxHl6zZzgH5A+vzB7AxmMI=</latexit>

Hypertension
<latexit sha1_base64="ngKd1NfJA9g3/serjU1prOzJ5iY=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaQKuiy66bKCfUAbymQ6aYdOJmHmRgyh/oobF4q49UPc+TdO2iy09cDA4ZxzmXuPHwuuwXG+rbX1jc2t7dJOeXdv/+DQPjru6ChRlLVpJCLV84lmgkvWBg6C9WLFSOgL1vWnt7nffWBK80jeQxozLyRjyQNOCRhpaFcGwB4haxpLAZN5bja0q07NmQOvErcgVVSgNbS/BqOIJiGTQAXRuu86MXgZUcCpYLPyINEsJnRKxqxvqCQh0142X36Gz4wywkGkzJOA5+rviYyEWqehb5IhgYle9nLxP6+fQHDtZVzGiTmMLj4KEoEhwnkTeMQVoyBSQwhV3OyK6YQoQsH0VTYluMsnr5JOveZe1Op3l9XGTVFHCZ2gU3SOXHSFGqiJWqiNKErRM3pFb9aT9WK9Wx+L6JpVzFTQH1ifP94llY4=</latexit>

Coronary Artery Disease
<latexit sha1_base64="I82dmlmWw9FqNxzFl+wFVFJ1HZQ=">AAACB3icbVDLSgMxFM3Ud31VXQoSLIKrMlMFXdbHwmUFW4V2KJn0Tg1mkiG5I5ahOzf+ihsXirj1F9z5N6a1C7UeCDmcc+9N7olSKSz6/qdXmJqemZ2bXyguLi2vrJbW1ptWZ4ZDg2upzVXELEihoIECJVylBlgSSbiMbk6G/uUtGCu0usB+CmHCekrEgjN0Uqe01Ua4w/xEG62Y6dMjg+CuU2HBTR10SmW/4o9AJ0kwJmUyRr1T+mh3Nc8SUMgls7YV+CmGOTMouIRBsZ1ZSBm/YT1oOapYAjbMR3sM6I5TujTWxh2FdKT+7MhZYm0/iVxlwvDa/vWG4n9eK8P4MMyFSjMExb8fijNJUdNhKLQrDHCUfUcYN8L9lfJrZhh3YdiiCyH4u/IkaVYrwV6ler5frh2P45gnm2Sb7JKAHJAaOSN10iCc3JNH8kxevAfvyXv13r5LC964Z4P8gvf+BYM7mbY=</latexit>

(N) Network alone is 
sufficient to identify 
reference genes

(S) Scores alone are 
sufficient to identify 
reference genes

(B) Both network 
and scores help 
identify reference 
genes

Network Propagation
<latexit sha1_base64="372srjqKBS9SxExLoCm3GCDLJjY=">AAACA3icbVA9SwNBEN3zM8avqJ02i0GwCndR0DJoYyURzAckIextJsmSvdtjd04NR8DGv2JjoYitf8LOf+PmkkITHww83pthZp4fSWHQdb+dhcWl5ZXVzFp2fWNzazu3s1s1KtYcKlxJpes+MyBFCBUUKKEeaWCBL6HmDy7Hfu0OtBEqvMVhBK2A9ULRFZyhldq5/SbCAybXgPdKD2hZq4j1Um/UzuXdgpuCzhNvSvJkinI799XsKB4HECKXzJiG50bYSphGwSWMss3YQMT4gPWgYWnIAjCtJP1hRI+s0qFdpW2FSFP190TCAmOGgW87A4Z9M+uNxf+8Rozd81YiwihGCPlkUTeWFBUdB0I7QgNHObSEcS3srZT3mWYcbWxZG4I3+/I8qRYL3kmheHOaL11M48iQA3JIjolHzkiJXJEyqRBOHskzeSVvzpPz4rw7H5PWBWc6s0f+wPn8AfJAmFo=</latexit>

Scores Only
<latexit sha1_base64="ja8D4ptLYgjV2q+8Zgpt9JSlKK0=">AAAB+3icbVDLSgNBEJyNrxhfMR69DAbBU9iNgh6DXrwZ0TwgCWF20kmGzM4uM72SsOyvePGgiFd/xJt/4+Rx0MSChqKqm+4uP5LCoOt+O5m19Y3Nrex2bmd3b/8gf1iomzDWHGo8lKFu+syAFApqKFBCM9LAAl9Cwx/dTP3GE2gjQvWIkwg6ARso0RecoZW6+UIbYYzJAw81GHqn5CTt5otuyZ2BrhJvQYpkgWo3/9XuhTwOQCGXzJiW50bYSZhGwSWkuXZsIGJ8xAbQslSxAEwnmd2e0lOr9Gg/1LYU0pn6eyJhgTGTwLedAcOhWfam4n9eK8b+VScRKooRFJ8v6seSYkinQdCe0MBRTixhXAt7K+VDphlHG1fOhuAtv7xK6uWSd14q318UK9eLOLLkmJyQM+KRS1Iht6RKaoSTMXkmr+TNSZ0X5935mLdmnMXMEfkD5/MHaTiUrQ==</latexit>

Network Only (PageRank)
<latexit sha1_base64="ViwxvU+NlpN5DiMA+W5CV+tr8Mo=">AAACB3icbVC7SgNBFJ31GeMrainIYBC0CbsqaCnaWGkUo4FkCbOzN8mQ2dll5q4alnQ2/oqNhSK2/oKdf+PkUWj0wMDhnHu5c06QSGHQdb+cicmp6ZnZ3Fx+fmFxabmwsnpt4lRzqPBYxroaMANSKKigQAnVRAOLAgk3Qeek79/cgjYiVlfYTcCPWEuJpuAMrdQobNQR7jE7A7yLdYeeK9ml22XWgkumOju9RqHoltwB6F/ijUiRjFBuFD7rYczTCBRyyYypeW6CfsY0Ci6hl6+nBhLGO/ZCzVLFIjB+NsjRo1tWCWkz1vYppAP150bGImO6UWAnI4ZtM+71xf+8WorNQz8TKkkRFB8eaqaSYkz7pdBQaOBoo4eCcS3sXylvM8042urytgRvPPJfcr1b8vZKuxf7xaPjUR05sk42yTbxyAE5IqekTCqEkwfyRF7Iq/PoPDtvzvtwdMIZ7ayRX3A+vgGSyZka</latexit>

A
U
P
R
C

<latexit sha1_base64="VRV/gyW2FYcliq2Iys+sLf7QT1A=">AAAB83icbVBNT8JAEJ36ifiFevTSSEw8kRZN9Ihy8YjGAgltyHZZYMN22+xOjaThb3jxoDFe/TPe/Dcu0IOCL5nk5b2ZzMwLE8E1Os63tbK6tr6xWdgqbu/s7u2XDg6bOk4VZR6NRazaIdFMcMk85ChYO1GMRKFgrXBUn/qtR6Y0j+UDjhMWRGQgeZ9TgkbyfWRPmF17jfv6pFsqOxVnBnuZuDkpQ45Gt/Tl92KaRkwiFUTrjuskGGREIaeCTYp+qllC6IgMWMdQSSKmg2x288Q+NUrP7sfKlER7pv6eyEik9TgKTWdEcKgXvan4n9dJsX8VZFwmKTJJ54v6qbAxtqcB2D2uGEUxNoRQxc2tNh0SRSiamIomBHfx5WXSrFbc80r17qJcu8njKMAxnMAZuHAJNbiFBnhAIYFneIU3K7VerHfrY966YuUzR/AH1ucP0vCRig==</latexit>
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Network Propagation
<latexit sha1_base64="372srjqKBS9SxExLoCm3GCDLJjY=">AAACA3icbVA9SwNBEN3zM8avqJ02i0GwCndR0DJoYyURzAckIextJsmSvdtjd04NR8DGv2JjoYitf8LOf+PmkkITHww83pthZp4fSWHQdb+dhcWl5ZXVzFp2fWNzazu3s1s1KtYcKlxJpes+MyBFCBUUKKEeaWCBL6HmDy7Hfu0OtBEqvMVhBK2A9ULRFZyhldq5/SbCAybXgPdKD2hZq4j1Um/UzuXdgpuCzhNvSvJkinI799XsKB4HECKXzJiG50bYSphGwSWMss3YQMT4gPWgYWnIAjCtJP1hRI+s0qFdpW2FSFP190TCAmOGgW87A4Z9M+uNxf+8Rozd81YiwihGCPlkUTeWFBUdB0I7QgNHObSEcS3srZT3mWYcbWxZG4I3+/I8qRYL3kmheHOaL11M48iQA3JIjolHzkiJXJEyqRBOHskzeSVvzpPz4rw7H5PWBWc6s0f+wPn8AfJAmFo=</latexit>

Scores Only
<latexit sha1_base64="ja8D4ptLYgjV2q+8Zgpt9JSlKK0=">AAAB+3icbVDLSgNBEJyNrxhfMR69DAbBU9iNgh6DXrwZ0TwgCWF20kmGzM4uM72SsOyvePGgiFd/xJt/4+Rx0MSChqKqm+4uP5LCoOt+O5m19Y3Nrex2bmd3b/8gf1iomzDWHGo8lKFu+syAFApqKFBCM9LAAl9Cwx/dTP3GE2gjQvWIkwg6ARso0RecoZW6+UIbYYzJAw81GHqn5CTt5otuyZ2BrhJvQYpkgWo3/9XuhTwOQCGXzJiW50bYSZhGwSWkuXZsIGJ8xAbQslSxAEwnmd2e0lOr9Gg/1LYU0pn6eyJhgTGTwLedAcOhWfam4n9eK8b+VScRKooRFJ8v6seSYkinQdCe0MBRTixhXAt7K+VDphlHG1fOhuAtv7xK6uWSd14q318UK9eLOLLkmJyQM+KRS1Iht6RKaoSTMXkmr+TNSZ0X5935mLdmnMXMEfkD5/MHaTiUrQ==</latexit>

Network Only (PageRank)
<latexit sha1_base64="ViwxvU+NlpN5DiMA+W5CV+tr8Mo=">AAACB3icbVC7SgNBFJ31GeMrainIYBC0CbsqaCnaWGkUo4FkCbOzN8mQ2dll5q4alnQ2/oqNhSK2/oKdf+PkUWj0wMDhnHu5c06QSGHQdb+cicmp6ZnZ3Fx+fmFxabmwsnpt4lRzqPBYxroaMANSKKigQAnVRAOLAgk3Qeek79/cgjYiVlfYTcCPWEuJpuAMrdQobNQR7jE7A7yLdYeeK9ml22XWgkumOju9RqHoltwB6F/ijUiRjFBuFD7rYczTCBRyyYypeW6CfsY0Ci6hl6+nBhLGO/ZCzVLFIjB+NsjRo1tWCWkz1vYppAP150bGImO6UWAnI4ZtM+71xf+8WorNQz8TKkkRFB8eaqaSYkz7pdBQaOBoo4eCcS3sXylvM8042urytgRvPPJfcr1b8vZKuxf7xaPjUR05sk42yTbxyAE5IqekTCqEkwfyRF7Iq/PoPDtvzvtwdMIZ7ayRX3A+vgGSyZka</latexit>

NetMix2
<latexit sha1_base64="+GX+17uA9TESSRUfsgu9RyLJjJI=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoxYsSwTwgWcPspDcZMvtgplcTlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXeXF0uh0ba/raXlldW19dxGfnNre2e3sLdf11GiONR4JCPV9JgGKUKooUAJzVgBCzwJDW9wNfEbj6C0iMJ7HMXgBqwXCl9whkZ6aCMMMb0FvBHD8rhTKNolewq6SJyMFEmGaqfw1e5GPAkgRC6Z1i3HjtFNmULBJYzz7URDzPiA9aBlaMgC0G46vXpMj43SpX6kTIVIp+rviZQFWo8Cz3QGDPt63puI/3mtBP0LNxVhnCCEfLbITyTFiE4ioF2hgKMcGcK4EuZWyvtMMY4mqLwJwZl/eZHUyyXntFS+OytWLrM4cuSQHJET4pBzUiHXpEpqhBNFnskrebOerBfr3fqYtS5Z2cwB+QPr8we+UZKq</latexit>

Type 2 Diabetes
<latexit sha1_base64="UeA99aYaoisJ7X1Ch91SxWEfBdk=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAInsJuFPQY1IPHCHlBsoTZSScZMvtgplcMaw7+ihcPinj1N7z5N06SPWhiQUNR1U13lx9LodFxvq2l5ZXVtfXcRn5za3tn197br+soURxqPJKRavpMgxQh1FCghGasgAW+hIY/vJ74jXtQWkRhFUcxeAHrh6InOEMjdezDNsIDplVj0RK9EcwHBD3u2AWn6ExBF4mbkQLJUOnYX+1uxJMAQuSSad1ynRi9lCkUXMI43040xIwPWR9ahoYsAO2l0/vH9MQoXdqLlKkQ6VT9PZGyQOtR4JvOgOFAz3sT8T+vlWDv0ktFGCcIIZ8t6iWSYkQnYdCuUMBRjgxhXAlzK+UDphhHE1nehODOv7xI6qWie1Ys3Z0XyldZHDlyRI7JKXHJBSmTW1IhNcLJI3kmr+TNerJerHfrY9a6ZGUzB+QPrM8foWqV2Q==</latexit>

Bipolar Disorder
<latexit sha1_base64="WBh9Bs9AknNTnj35LJbrez+cBiA=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSrcRUHLEC0sI5gPSELY20ySJXu3x+6cGI40/hUbC0Vs/Rl2/hs3H4UmPhh4vDfDzLwglsKg5307mZXVtfWN7GZua3tnd8/dP6gZlWgOVa6k0o2AGZAigioKlNCINbAwkFAPhtcTv/4A2ggV3eMohnbI+pHoCc7QSh33qIXwiGlZxEoyTW+EUboLetxx817Bm4IuE39O8mSOSsf9anUVT0KIkEtmTNP3YmynTKPgEsa5VmIgZnzI+tC0NGIhmHY6fWBMT63SpT2lbUVIp+rviZSFxozCwHaGDAdm0ZuI/3nNBHtX7VREcYIQ8dmiXiIpKjpJg3aFBo5yZAnjWthbKR8wzTjazHI2BH/x5WVSKxb880Lx7iJfKs/jyJJjckLOiE8uSYnckgqpEk7G5Jm8kjfnyXlx3p2PWWvGmc8ckj9wPn8AQDCW0w==</latexit>

Rheumatoid Arthritis
<latexit sha1_base64="cpaL7Z9F685/1bTSZLY2WEyjZkE=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBCswm4UtIzaWEYxD0iWMDt7kwyZfTBzVwxLCht/xcZCEVs/ws6/cfIoNPHAwOGce7lzjp9IodFxvq2l5ZXVtfXcRn5za3tn197br+s4VRxqPJaxavpMgxQR1FCghGaigIW+hIY/uBr7jXtQWsTRHQ4T8ELWi0RXcIZG6tiFNsIDZrd9SEOGsQjohcK+Eij0qGMXnZIzAV0k7owUyQzVjv3VDmKehhAhl0zrlusk6GVMoeASRvl2qiFhfMB60DI0YiFoL5uEGNEjowS0GyvzIqQT9fdGxkKth6FvJs1P+3reG4v/ea0Uu+deJqIkRYj49FA3lRRjOm6EBkIBRzk0hPFxck55nynG0fSWNyW485EXSb1cck9K5ZvTYuVyVkeOFMghOSYuOSMVck2qpEY4eSTP5JW8WU/Wi/VufUxHl6zZzgH5A+vzB7AxmMI=</latexit>

Network Propagation
<latexit sha1_base64="372srjqKBS9SxExLoCm3GCDLJjY=">AAACA3icbVA9SwNBEN3zM8avqJ02i0GwCndR0DJoYyURzAckIextJsmSvdtjd04NR8DGv2JjoYitf8LOf+PmkkITHww83pthZp4fSWHQdb+dhcWl5ZXVzFp2fWNzazu3s1s1KtYcKlxJpes+MyBFCBUUKKEeaWCBL6HmDy7Hfu0OtBEqvMVhBK2A9ULRFZyhldq5/SbCAybXgPdKD2hZq4j1Um/UzuXdgpuCzhNvSvJkinI799XsKB4HECKXzJiG50bYSphGwSWMss3YQMT4gPWgYWnIAjCtJP1hRI+s0qFdpW2FSFP190TCAmOGgW87A4Z9M+uNxf+8Rozd81YiwihGCPlkUTeWFBUdB0I7QgNHObSEcS3srZT3mWYcbWxZG4I3+/I8qRYL3kmheHOaL11M48iQA3JIjolHzkiJXJEyqRBOHskzeSVvzpPz4rw7H5PWBWc6s0f+wPn8AfJAmFo=</latexit>

Scores Only
<latexit sha1_base64="ja8D4ptLYgjV2q+8Zgpt9JSlKK0=">AAAB+3icbVDLSgNBEJyNrxhfMR69DAbBU9iNgh6DXrwZ0TwgCWF20kmGzM4uM72SsOyvePGgiFd/xJt/4+Rx0MSChqKqm+4uP5LCoOt+O5m19Y3Nrex2bmd3b/8gf1iomzDWHGo8lKFu+syAFApqKFBCM9LAAl9Cwx/dTP3GE2gjQvWIkwg6ARso0RecoZW6+UIbYYzJAw81GHqn5CTt5otuyZ2BrhJvQYpkgWo3/9XuhTwOQCGXzJiW50bYSZhGwSWkuXZsIGJ8xAbQslSxAEwnmd2e0lOr9Gg/1LYU0pn6eyJhgTGTwLedAcOhWfam4n9eK8b+VScRKooRFJ8v6seSYkinQdCe0MBRTixhXAt7K+VDphlHG1fOhuAtv7xK6uWSd14q318UK9eLOLLkmJyQM+KRS1Iht6RKaoSTMXkmr+TNSZ0X5935mLdmnMXMEfkD5/MHaTiUrQ==</latexit>

Network Only (PageRank)
<latexit sha1_base64="ViwxvU+NlpN5DiMA+W5CV+tr8Mo=">AAACB3icbVC7SgNBFJ31GeMrainIYBC0CbsqaCnaWGkUo4FkCbOzN8mQ2dll5q4alnQ2/oqNhSK2/oKdf+PkUWj0wMDhnHu5c06QSGHQdb+cicmp6ZnZ3Fx+fmFxabmwsnpt4lRzqPBYxroaMANSKKigQAnVRAOLAgk3Qeek79/cgjYiVlfYTcCPWEuJpuAMrdQobNQR7jE7A7yLdYeeK9ml22XWgkumOju9RqHoltwB6F/ijUiRjFBuFD7rYczTCBRyyYypeW6CfsY0Ci6hl6+nBhLGO/ZCzVLFIjB+NsjRo1tWCWkz1vYppAP150bGImO6UWAnI4ZtM+71xf+8WorNQz8TKkkRFB8eaqaSYkz7pdBQaOBoo4eCcS3sXylvM8042urytgRvPPJfcr1b8vZKuxf7xaPjUR05sk42yTbxyAE5IqekTCqEkwfyRF7Iq/PoPDtvzvtwdMIZ7ayRX3A+vgGSyZka</latexit>

NetMix2
<latexit sha1_base64="+GX+17uA9TESSRUfsgu9RyLJjJI=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoxYsSwTwgWcPspDcZMvtgplcTlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXeXF0uh0ba/raXlldW19dxGfnNre2e3sLdf11GiONR4JCPV9JgGKUKooUAJzVgBCzwJDW9wNfEbj6C0iMJ7HMXgBqwXCl9whkZ6aCMMMb0FvBHD8rhTKNolewq6SJyMFEmGaqfw1e5GPAkgRC6Z1i3HjtFNmULBJYzz7URDzPiA9aBlaMgC0G46vXpMj43SpX6kTIVIp+rviZQFWo8Cz3QGDPt63puI/3mtBP0LNxVhnCCEfLbITyTFiE4ioF2hgKMcGcK4EuZWyvtMMY4mqLwJwZl/eZHUyyXntFS+OytWLrM4cuSQHJET4pBzUiHXpEpqhBNFnskrebOerBfr3fqYtS5Z2cwB+QPr8we+UZKq</latexit>

NetMix2 results on diseases where both network and 
scores help

(B) Both network 
and scores help 
identify reference 
genes

R
ef
er
en

ce
G
en

es
<latexit sha1_base64="w7HdvljP39168JbEJ8fccubDcAU=">AAAB/3icbVDLSgNBEJz1GeMrKnjxMhgET2E3CnoMetBjFPOAJITZSW8yZHZ2mekVw5qDv+LFgyJe/Q1v/o2Tx0ETCxqKqm66u/xYCoOu++0sLC4tr6xm1rLrG5tb27md3aqJEs2hwiMZ6brPDEihoIICJdRjDSz0JdT8/uXIr92DNiJSdziIoRWyrhKB4Ayt1M7tNxEeML2FADQoDvQKFJhhO5d3C+4YdJ54U5InU5Tbua9mJ+JJCAq5ZMY0PDfGVso0Ci5hmG0mBmLG+6wLDUsVC8G00vH9Q3pklQ4NIm1LIR2rvydSFhozCH3bGTLsmVlvJP7nNRIMzlupUHGC9rnJoiCRFCM6CoN2hAaOcmAJ41rYWynvMc042siyNgRv9uV5Ui0WvJNC8eY0X7qYxpEhB+SQHBOPnJESuSZlUiGcPJJn8krenCfnxXl3PiatC850Zo/8gfP5A0pwlkU=</latexit>
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0 µ
X1 X2 X3 · · · Xn

Anomaly detection
Normal means: Data                          independently 
distributed as

X1, . . . , Xn
<latexit sha1_base64="0IfTjFLebn5+4PnhFSFaL0C+Yx0=">AAAB+HicbVDLSgNBEOyNrxgfiXr0MhgEDyHsRkGPQS8eI5i4kCzL7GQ2GTL7YKZXiCFf4sWDIl79FG/+jZNkD5pYMFBUddE9FaRSaLTtb6uwtr6xuVXcLu3s7u2XKweHHZ1kivE2S2Si3IBqLkXM2yhQcjdVnEaB5A/B6GbmPzxypUUS3+M45V5EB7EIBaNoJL9Sdn2nRnr9BHWNuL5RqnbdnoOsEicnVcjR8itfJsyyiMfIJNW669gpehOqUDDJp6VepnlK2YgOeNfQmEZce5P54VNyapQ+CRNlXoxkrv5OTGik9TgKzGREcaiXvZn4n9fNMLzyJiJOM+QxWywKM0kwIbMWSF8ozlCODaFMCXMrYUOqKEPTVcmU4Cx/eZV0GnXnvN64u6g2r/M6inAMJ3AGDlxCE26hBW1gkMEzvMKb9WS9WO/Wx2K0YOWZI/gD6/MH+guSAA==</latexit>

Xi ⇠
(
N(µ, 1) if i 2 A

N(0, 1) otherwise
<latexit sha1_base64="fqm2Jvhbzsl4oGfwEs8ndgtxdP0="></latexit>

for anomaly A

Long history in statistics/ML:
• Unstructured anomalies: Localfdr/empirical Bayes methods (e.g. 

Efron et al., JASA 2001/2004, Annals of  Stats 2007, etc), Higher 
criticism (Donoho and Jin, Annals of  Stats 2004, etc), …

• Structured anomalies 
• Intervals: Jeng et al (JASA 2010)
• Submatrices: Kolar et al (NeurIPS 2011), Chen and Xu (ICML 

2014), Brennan et al (COLT 2018), Liu and A-C (KDD 2019)
• Connected subgraphs: Qian et al (NeurIPS 2014), Aksoylar et al 

(ICML 2017), Cadena et al (AAAI 2018/TKDD 2019)
• Subgraphs w/ small cut: Sharpnack et al (NeurIPS 

2013/AISTATS 2013) 
• Other: Brennan et al (ICML 2020)

columns of A

rows
of A

A
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•       is anomaly family (set of  subsets of  {1, …, n})
•                 is the anomaly

Generalizing to anomaly detection
S

<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>

A 2 S
<latexit sha1_base64="jsdSv9V1FKE+69xTTRvIoDOmi5I=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UUJBgLLIxF0IfURJXjuq1Vx4lsB1SFfgoLAwix8iVs/A1OmwFajmTp6Jx7dY9PEHOmtON8W4WV1bX1jeJmaWt7Z3fPLu+3VJRIQpsk4pHsBFhRzgRtaqY57cSS4jDgtB2MrzO//UClYpG415OY+iEeCjZgBGsj9ezyJfKYQF6I9Yhgnt5Ne3bFqTozoGXi5qQCORo9+8vrRyQJqdCEY6W6rhNrP8VSM8LptOQlisaYjPGQdg0VOKTKT2fRp+jYKH00iKR5QqOZ+nsjxaFSkzAwk1lEtehl4n9eN9GDCz9lIk40FWR+aJBwpCOU9YD6TFKi+cQQTCQzWREZYYmJNm2VTAnu4peXSatWdU+rtduzSv0qr6MIh3AEJ+DCOdThBhrQBAKP8Ayv8GY9WS/Wu/UxHy1Y+c4B/IH1+QOOuJOO</latexit>

Examples of  anomaly families:

S = CG
<latexit sha1_base64="TfnfnMSAKE6r1C5Vc+FK1F8YheE=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgquSVEE3QrELXVa0rdCGMJlO2qGTCzMToYTixldx40IRtz6FO9/GSRtEW38Y+PjPOcw5vxdzJpVlfRmFhcWl5ZXiamltfWNzy9zeackoEYQ2ScQjcedhSTkLaVMxxeldLCgOPE7b3rCe1dv3VEgWhbdqFFMnwP2Q+YxgpS3X3OsGWA0I5unN+PyH62P30jXLVsWaCM2DnUMZcjVc87Pbi0gS0FARjqXs2FasnBQLxQin41I3kTTGZIj7tKMxxAGVTjo5YYwOtdNDfiT0CxWauL8nUhxIOQo83ZktKWdrmflfrZMo/8xJWRgnioZk+pGfcKQilOWBekxQovhIAyaC6V0RGWCBidKplXQI9uzJ89CqVuzjSvX6pFy7yOMowj4cwBHYcAo1uIIGNIHAAzzBC7waj8az8Wa8T1sLRj6zC39kfHwDgYWXfg==</latexit>

Interval family 
= intervals {i, i+1, …, j}

Connected family
= connected subgraphs of  G
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columns of A

rows
of A

A

A

S = In
<latexit sha1_base64="0F4BnttSOEGyFx2LehXyIzdSYDc=">AAACAnicbZDLSsNAFIZP6q3WW9WVuBksgquSVEE3QtGN7iraC7ShTKbTduhkEmYmQgnBja/ixoUibn0Kd76NkzaIth4Y+Pj/c5hzfi/kTGnb/rJyC4tLyyv51cLa+sbmVnF7p6GCSBJaJwEPZMvDinImaF0zzWkrlBT7HqdNb3SZ+s17KhULxJ0eh9T18UCwPiNYG6lb3Ov4WA8J5vFtcv7D10nXeCW7bE8KzYOTQQmyqnWLn51eQCKfCk04Vqrt2KF2Yyw1I5wmhU6kaIjJCA9o26DAPlVuPDkhQYdG6aF+IM0TGk3U3xMx9pUa+57pTJdUs14q/ue1I90/c2MmwkhTQaYf9SOOdIDSPFCPSUo0HxvARDKzKyJDLDHRJrWCCcGZPXkeGpWyc1yu3JyUqhdZHHnYhwM4AgdOoQpXUIM6EHiAJ3iBV+vRerberPdpa87KZnbhT1kf38XLl6s=</latexit>

Submatrix family 
S = MN

<latexit sha1_base64="qIFQyOtD6W5mjTAW3xLvT2fwFvk=">AAACAnicbZDLSsNAFIZPvNZ6i7oSN4NFcFWSKuhGKLpxo1S0F2hDmEwn7dDJhZmJUEJw46u4caGIW5/CnW/jtA2irT8MfPznHOac34s5k8qyvoy5+YXFpeXCSnF1bX1j09zabsgoEYTWScQj0fKwpJyFtK6Y4rQVC4oDj9OmN7gY1Zv3VEgWhXdqGFMnwL2Q+YxgpS3X3O0EWPUJ5ultdvbDV5l77Zolq2yNhWbBzqEEuWqu+dnpRiQJaKgIx1K2bStWToqFYoTTrNhJJI0xGeAebWsMcUClk45PyNCBdrrIj4R+oUJj9/dEigMph4GnO0dLyunayPyv1k6Uf+qkLIwTRUMy+chPOFIRGuWBukxQovhQAyaC6V0R6WOBidKpFXUI9vTJs9ColO2jcuXmuFQ9z+MowB7swyHYcAJVuIQa1IHAAzzBC7waj8az8Wa8T1rnjHxmB/7I+PgGm2eXjw==</latexit>

= submatrices of  N

Changepoint detection Bi-clustering Network anomaly detection
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• n datapoints (e.g. vertices of  interaction network)
•       is anomaly family (set of  subsets of  {1, …, n})
•                 is the anomaly

Datapoints                             distributed as

Altered Subnetwork Distribution
Anomalous Subset

S
<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>

A 2 S
<latexit sha1_base64="jsdSv9V1FKE+69xTTRvIoDOmi5I=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UUJBgLLIxF0IfURJXjuq1Vx4lsB1SFfgoLAwix8iVs/A1OmwFajmTp6Jx7dY9PEHOmtON8W4WV1bX1jeJmaWt7Z3fPLu+3VJRIQpsk4pHsBFhRzgRtaqY57cSS4jDgtB2MrzO//UClYpG415OY+iEeCjZgBGsj9ezyJfKYQF6I9Yhgnt5Ne3bFqTozoGXi5qQCORo9+8vrRyQJqdCEY6W6rhNrP8VSM8LptOQlisaYjPGQdg0VOKTKT2fRp+jYKH00iKR5QqOZ+nsjxaFSkzAwk1lEtehl4n9eN9GDCz9lIk40FWR+aJBwpCOU9YD6TFKi+cQQTCQzWREZYYmJNm2VTAnu4peXSatWdU+rtduzSv0qr6MIh3AEJ+DCOdThBhrQBAKP8Ayv8GY9WS/Wu/UxHy1Y+c4B/IH1+QOOuJOO</latexit>

(X1, . . . , Xn)
<latexit sha1_base64="uWtkI+Fz+Vc993rKugei7jnNP7E=">AAAB+nicbVDLSgMxFL1TX7W+Wl26CRahQikzVdBl0Y3LCrYdaIchk2ba0ExmSDJKGfspblwo4tYvceffmD4W2nogcDjnHu7NCRLOlLbtbyu3tr6xuZXfLuzs7u0fFEuHbRWnktAWiXks3QArypmgLc00p24iKY4CTjvB6Gbqdx6oVCwW93qcUC/CA8FCRrA2kl8sVVzfqaJeP9aqilxfnPnFsl2zZ0CrxFmQMizQ9ItfJk3SiApNOFaq69iJ9jIsNSOcTgq9VNEEkxEe0K6hAkdUedns9Ak6NUofhbE0T2g0U38nMhwpNY4CMxlhPVTL3lT8z+umOrzyMiaSVFNB5ovClCMdo2kPqM8kJZqPDcFEMnMrIkMsMdGmrYIpwVn+8ipp12vOea1+d1FuXC/qyMMxnEAFHLiEBtxCE1pA4BGe4RXerCfrxXq3PuajOWuROYI/sD5/AMZZkmU=</latexit>

Xi ⇠
(
N(µ, 1) if i 2 A

N(0, 1) otherwise
<latexit sha1_base64="fqm2Jvhbzsl4oGfwEs8ndgtxdP0="></latexit>

Anomalous Subset Problem (ASP): Given data                           and anomaly 
family     , find anomaly A.

(X1, . . . , Xn)
<latexit sha1_base64="uWtkI+Fz+Vc993rKugei7jnNP7E=">AAAB+nicbVDLSgMxFL1TX7W+Wl26CRahQikzVdBl0Y3LCrYdaIchk2ba0ExmSDJKGfspblwo4tYvceffmD4W2nogcDjnHu7NCRLOlLbtbyu3tr6xuZXfLuzs7u0fFEuHbRWnktAWiXks3QArypmgLc00p24iKY4CTjvB6Gbqdx6oVCwW93qcUC/CA8FCRrA2kl8sVVzfqaJeP9aqilxfnPnFsl2zZ0CrxFmQMizQ9ItfJk3SiApNOFaq69iJ9jIsNSOcTgq9VNEEkxEe0K6hAkdUedns9Ak6NUofhbE0T2g0U38nMhwpNY4CMxlhPVTL3lT8z+umOrzyMiaSVFNB5ovClCMdo2kPqM8kJZqPDcFEMnMrIkMsMdGmrYIpwVn+8ipp12vOea1+d1FuXC/qyMMxnEAFHLiEBtxCE1pA4BGe4RXerCfrxXq3PuajOWuROYI/sD5/AMZZkmU=</latexit>

S
<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>

bAMLE = argmax
S2S

1p
|S|

X

i2S

Xi

<latexit sha1_base64="8nHrsIvGbrd9O/eUvnw/vdn1bDw="></latexit>

Maximum Likelihood Estimator (MLE):
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MLE is optimal for some anomaly families but not others

0 µ
X1 X2 X3 · · · Xn

Data                        distributed asX1, . . . , Xn
<latexit sha1_base64="0IfTjFLebn5+4PnhFSFaL0C+Yx0=">AAAB+HicbVDLSgNBEOyNrxgfiXr0MhgEDyHsRkGPQS8eI5i4kCzL7GQ2GTL7YKZXiCFf4sWDIl79FG/+jZNkD5pYMFBUddE9FaRSaLTtb6uwtr6xuVXcLu3s7u2XKweHHZ1kivE2S2Si3IBqLkXM2yhQcjdVnEaB5A/B6GbmPzxypUUS3+M45V5EB7EIBaNoJL9Sdn2nRnr9BHWNuL5RqnbdnoOsEicnVcjR8itfJsyyiMfIJNW669gpehOqUDDJp6VepnlK2YgOeNfQmEZce5P54VNyapQ+CRNlXoxkrv5OTGik9TgKzGREcaiXvZn4n9fNMLzyJiJOM+QxWywKM0kwIbMWSF8ozlCODaFMCXMrYUOqKEPTVcmU4Cx/eZV0GnXnvN64u6g2r/M6inAMJ3AGDlxCE26hBW1gkMEzvMKb9WS9WO/Wx2K0YOWZI/gD6/MH+guSAA==</latexit>

Xi ⇠
(
N(µ, 1) if i 2 A

N(0, 1) otherwise
<latexit sha1_base64="fqm2Jvhbzsl4oGfwEs8ndgtxdP0="></latexit>

where anomaly               is a member of  
anomaly family

A 2 S
<latexit sha1_base64="jsdSv9V1FKE+69xTTRvIoDOmi5I=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UUJBgLLIxF0IfURJXjuq1Vx4lsB1SFfgoLAwix8iVs/A1OmwFajmTp6Jx7dY9PEHOmtON8W4WV1bX1jeJmaWt7Z3fPLu+3VJRIQpsk4pHsBFhRzgRtaqY57cSS4jDgtB2MrzO//UClYpG415OY+iEeCjZgBGsj9ezyJfKYQF6I9Yhgnt5Ne3bFqTozoGXi5qQCORo9+8vrRyQJqdCEY6W6rhNrP8VSM8LptOQlisaYjPGQdg0VOKTKT2fRp+jYKH00iKR5QqOZ+nsjxaFSkzAwk1lEtehl4n9eN9GDCz9lIk40FWR+aJBwpCOU9YD6TFKi+cQQTCQzWREZYYmJNm2VTAnu4peXSatWdU+rtduzSv0qr6MIh3AEJ+DCOdThBhrQBAKP8Ayv8GY9WS/Wu/UxHy1Y+c4B/IH1+QOOuJOO</latexit>

S
<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>

bAMLE = argmax
S2S

1p
|S|

X

i2S

Xi

<latexit sha1_base64="8nHrsIvGbrd9O/eUvnw/vdn1bDw="></latexit>

Maximum Likelihood Estimator (MLE):

• Jeng et al (JASA 2010) show 
(asymptotic) “near-optimality” for 
interval family         

• Liu and A-C (KDD 2019) show 
similar guarantees for submatrix 
family 

But we showed that MLE is a biased 
estimator for the connected family   
S = CG

<latexit sha1_base64="TfnfnMSAKE6r1C5Vc+FK1F8YheE=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgquSVEE3QrELXVa0rdCGMJlO2qGTCzMToYTixldx40IRtz6FO9/GSRtEW38Y+PjPOcw5vxdzJpVlfRmFhcWl5ZXiamltfWNzy9zeackoEYQ2ScQjcedhSTkLaVMxxeldLCgOPE7b3rCe1dv3VEgWhbdqFFMnwP2Q+YxgpS3X3OsGWA0I5unN+PyH62P30jXLVsWaCM2DnUMZcjVc87Pbi0gS0FARjqXs2FasnBQLxQin41I3kTTGZIj7tKMxxAGVTjo5YYwOtdNDfiT0CxWauL8nUhxIOQo83ZktKWdrmflfrZMo/8xJWRgnioZk+pGfcKQilOWBekxQovhIAyaC6V0RGWCBidKplXQI9uzJ89CqVuzjSvX6pFy7yOMowj4cwBHYcAo1uIIGNIHAAzzBC7waj8az8Wa8T1sLRj6zC39kfHwDgYWXfg==</latexit>

S = In
<latexit sha1_base64="0F4BnttSOEGyFx2LehXyIzdSYDc=">AAACAnicbZDLSsNAFIZP6q3WW9WVuBksgquSVEE3QtGN7iraC7ShTKbTduhkEmYmQgnBja/ixoUibn0Kd76NkzaIth4Y+Pj/c5hzfi/kTGnb/rJyC4tLyyv51cLa+sbmVnF7p6GCSBJaJwEPZMvDinImaF0zzWkrlBT7HqdNb3SZ+s17KhULxJ0eh9T18UCwPiNYG6lb3Ov4WA8J5vFtcv7D10nXeCW7bE8KzYOTQQmyqnWLn51eQCKfCk04Vqrt2KF2Yyw1I5wmhU6kaIjJCA9o26DAPlVuPDkhQYdG6aF+IM0TGk3U3xMx9pUa+57pTJdUs14q/ue1I90/c2MmwkhTQaYf9SOOdIDSPFCPSUo0HxvARDKzKyJDLDHRJrWCCcGZPXkeGpWyc1yu3JyUqhdZHHnYhwM4AgdOoQpXUIM6EHiAJ3iBV+vRerberPdpa87KZnbhT1kf38XLl6s=</latexit>

S = MN
<latexit sha1_base64="qIFQyOtD6W5mjTAW3xLvT2fwFvk=">AAACAnicbZDLSsNAFIZPvNZ6i7oSN4NFcFWSKuhGKLpxo1S0F2hDmEwn7dDJhZmJUEJw46u4caGIW5/CnW/jtA2irT8MfPznHOac34s5k8qyvoy5+YXFpeXCSnF1bX1j09zabsgoEYTWScQj0fKwpJyFtK6Y4rQVC4oDj9OmN7gY1Zv3VEgWhXdqGFMnwL2Q+YxgpS3X3O0EWPUJ5ultdvbDV5l77Zolq2yNhWbBzqEEuWqu+dnpRiQJaKgIx1K2bStWToqFYoTTrNhJJI0xGeAebWsMcUClk45PyNCBdrrIj4R+oUJj9/dEigMph4GnO0dLyunayPyv1k6Uf+qkLIwTRUMy+chPOFIRGuWBukxQovhQAyaC6V0R6WOBidKpFXUI9vTJs9ColO2jcuXmuFQ9z+MowB7swyHYcAJVuIQa1IHAAzzBC7waj8az8Wa8T1rnjHxmB/7I+PgGm2eXjw==</latexit>
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Question: for which anomaly 
families     is MLE biased?S

<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>
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Our contribution
Question: For which anomaly families      is the MLE biased?S

<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>

We show: MLE is biased <--> number of  sets in anomaly family      that 
contain the anomaly A is exponential

S
<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>

Generalizes previous results on interval/submatrix family, 
which have sub-exponential size

0 µ
X1 X2 X3 · · · Xn

Data                        distributed asX1, . . . , Xn
<latexit sha1_base64="0IfTjFLebn5+4PnhFSFaL0C+Yx0=">AAAB+HicbVDLSgNBEOyNrxgfiXr0MhgEDyHsRkGPQS8eI5i4kCzL7GQ2GTL7YKZXiCFf4sWDIl79FG/+jZNkD5pYMFBUddE9FaRSaLTtb6uwtr6xuVXcLu3s7u2XKweHHZ1kivE2S2Si3IBqLkXM2yhQcjdVnEaB5A/B6GbmPzxypUUS3+M45V5EB7EIBaNoJL9Sdn2nRnr9BHWNuL5RqnbdnoOsEicnVcjR8itfJsyyiMfIJNW669gpehOqUDDJp6VepnlK2YgOeNfQmEZce5P54VNyapQ+CRNlXoxkrv5OTGik9TgKzGREcaiXvZn4n9fNMLzyJiJOM+QxWywKM0kwIbMWSF8ozlCODaFMCXMrYUOqKEPTVcmU4Cx/eZV0GnXnvN64u6g2r/M6inAMJ3AGDlxCE26hBW1gkMEzvMKb9WS9WO/Wx2K0YOWZI/gD6/MH+guSAA==</latexit>

Xi ⇠
(
N(µ, 1) if i 2 A

N(0, 1) otherwise
<latexit sha1_base64="fqm2Jvhbzsl4oGfwEs8ndgtxdP0="></latexit>

where anomaly               is a member of  
anomaly family

A 2 S
<latexit sha1_base64="jsdSv9V1FKE+69xTTRvIoDOmi5I=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UUJBgLLIxF0IfURJXjuq1Vx4lsB1SFfgoLAwix8iVs/A1OmwFajmTp6Jx7dY9PEHOmtON8W4WV1bX1jeJmaWt7Z3fPLu+3VJRIQpsk4pHsBFhRzgRtaqY57cSS4jDgtB2MrzO//UClYpG415OY+iEeCjZgBGsj9ezyJfKYQF6I9Yhgnt5Ne3bFqTozoGXi5qQCORo9+8vrRyQJqdCEY6W6rhNrP8VSM8LptOQlisaYjPGQdg0VOKTKT2fRp+jYKH00iKR5QqOZ+nsjxaFSkzAwk1lEtehl4n9eN9GDCz9lIk40FWR+aJBwpCOU9YD6TFKi+cQQTCQzWREZYYmJNm2VTAnu4peXSatWdU+rtduzSv0qr6MIh3AEJ+DCOdThBhrQBAKP8Ayv8GY9WS/Wu/UxHy1Y+c4B/IH1+QOOuJOO</latexit>

S
<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit> µ
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<latexit sha1_base64="m0d+Rxu8DHvXH403R+updxcfKtU=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRV0GWpCC4UKtgHtKFMppN26CQTZm6kJeRX3LhQxK0/4s6/cfpYaOuBC4dz7uXee/xYcA2O823l1tY3Nrfy24Wd3b39A/uw2NQyUZQ1qBRStX2imeARawAHwdqxYiT0BWv5o+up33piSnMZPcIkZl5IBhEPOCVgpJ5d7AIbQ1rjRGMZ4Pu7m6xnl5yyMwNeJe6ClNAC9Z791e1LmoQsAiqI1h3XicFLiQJOBcsK3USzmNARGbCOoREJmfbS2e0ZPjVKHwdSmYoAz9TfEykJtZ6EvukMCQz1sjcV//M6CQRXXsqjOAEW0fmiIBEYJJ4GgftcMQpiYgihiptbMR0SRSiYuAomBHf55VXSrJTd83Ll4aJUrS3iyKNjdILOkIsuURXdojpqIIrG6Bm9ojcrs16sd+tj3pqzFjNH6A+szx9EiJPu</latexit>
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Forward direction: ICML 2021 paper
Reverse direction: proved by Henri Schmidt+UC (unpublished)

Conjecture: result holds for exponential family distr. besides normal



Chitra*, Arnold*, Raphael. In review at Nature Genetics.

Learning genetic interactions (epistasis)

* indicates joint first authorship

Brian Arnold Ben Raphael



Epistasis = genetic interactions - one gene mutation changes effect of  other gene mutations

Quantifying pairwise epistasis 
(2 mutations)

Additive: 

✏ =
f11

f01f10
<latexit sha1_base64="E6Est/cQWE+mkwJ3RMiTeyqDFLU=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimKi5IsCBVsDAWiT6kJooc12mtOk5kO0hVlE9g4VdYGECIlZGNv8FpM0DLkSwfn3Ovru8JEs6Udpxva2l5ZXVtvbJR3dza3tm19/Y7Kk4loW0S81j2AqwoZ4K2NdOc9hJJcRRw2g3GN4XffaBSsVjc60lCvQgPBQsZwdpIvn3i0kQxHgt4Bd1QYpKFfoZQnhe3g3JYPJ089+2aU3emgIsElaQGSrR8+8sdxCSNqNCEY6X6yEm0l2GpGeE0r7qpogkmYzykfUMFjqjysulCOTw2ygCGsTRHaDhVf3dkOFJqEgWmMsJ6pOa9QvzP66c6vPQyJpJUU0Fmg8KUQx3DIh04YJISzSeGYCKZ+SskI2xi0SbDqgkBza+8SDqNOjqrN+7Oa83rMo4KOARH4BQgcAGa4Ba0QBsQ8AiewSt4s56sF+vd+piVLlllzwH4A+vzB8gsnGs=</latexit>

✏ = f11 � (f01 + f10)
<latexit sha1_base64="MS0aEzWRPcbsIoXR7hiCHaPJmjU=">AAACDnicbZDLSgMxFIYz9VbrbdSlm2ApVMQyUwXdCEU3LivYC7TDkEkzbWgmGZKMUIY+gRtfxY0LRdy6dufbmE5nodUfAh//OYeT8wcxo0o7zpdVWFpeWV0rrpc2Nre2d+zdvbYSicSkhQUTshsgRRjlpKWpZqQbS4KigJFOML6e1Tv3RCoq+J2exMSL0JDTkGKkjeXblT6JFWWCw0sY+qnrTuEJrBpyDB1nljM98u2yU3Mywb/g5lAGuZq+/dkfCJxEhGvMkFI914m1lyKpKWZkWuonisQIj9GQ9AxyFBHlpdk5U1gxzgCGQprHNczcnxMpipSaRIHpjJAeqcXazPyv1kt0eOGllMeJJhzPF4UJg1rAWTZwQCXBmk0MICyp+SvEIyQR1ibBkgnBXTz5L7TrNfe0Vr89Kzeu8jiK4AAcgipwwTlogBvQBC2AwQN4Ai/g1Xq0nq03633eWrDymX3wS9bHN+szmXg=</latexit>

Multiplicative:

Negative epistasis
(antagonistic)

Zero epistasis Positive epistasis 
(synergistic)



Epistasis = genetic interactions - one gene mutation changes effect of  other gene mutations

Quantifying pairwise epistasis 
(2 mutations)

Additive: 

Multiplicative:

Negative epistasis
(antagonistic)

Zero epistasis Positive 
epistasis 
(synergistic)

✏ = fij � fi � fj
<latexit sha1_base64="LkLn9PkcbAaGpPUJJaJ2aVYgSws=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiuLHMVEE3QtGNywr2Au0wZNJMmzaTDElGKENXbnwVNy4UceszuPNtTKez0NYDCR//fw7J+YOYUaUd59sqLC2vrK4V10sbm1vbO/buXlOJRGLSwIIJ2Q6QIoxy0tBUM9KOJUFRwEgrGN1M/dYDkYoKfq/HMfEi1Oc0pBhpI/n2YZfEijLB4RUM/ZQOJ/DUAM3uoW+XnYqTFVwEN4cyyKvu21/dnsBJRLjGDCnVcZ1YeymSmmJGJqVuokiM8Aj1SccgRxFRXpqtMYHHRunBUEhzuIaZ+nsiRZFS4ygwnRHSAzXvTcX/vE6iw0svpTxONOF49lCYMKgFnGYCe1QSrNnYAMKSmr9CPEASYW2SK5kQ3PmVF6FZrbhnlerdebl2ncdRBAfgCJwAF1yAGrgFddAAGDyCZ/AK3qwn68V6tz5mrQUrn9kHf8r6/AHUc5dr</latexit>

✏ =
fij
fifj

<latexit sha1_base64="6U7HHzqgITGvFUlLwEpgHXQGsAQ=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJiqpKCBAtSBQtjkehDaqLIcZ3WrWNHtoNURVlZ+BUWBhBi5Q/Y+BvcNgO0HOnqHp1zr+x7woRRpR3n2yqtrK6tb5Q3K1vbO7t79v5BW4lUYtLCggnZDZEijHLS0lQz0k0kQXHISCcc30z9zgORigp+rycJ8WM04DSiGGkjBTb0SKIoExxeQS+SCGdRkNFRnptOo2CUB3bVqTkzwGXiFqQKCjQD+8vrC5zGhGvMkFI910m0nyGpKWYkr3ipIgnCYzQgPUM5ionys9klOTwxSh9GQpriGs7U3xsZipWaxKGZjJEeqkVvKv7n9VIdXfoZ5UmqCcfzh6KUQS3gNBbYp5JgzSaGICyp+SvEQ2Ty0Ca8ignBXTx5mbTrNfesVr87rzauizjK4Agcg1PgggvQALegCVoAg0fwDF7Bm/VkvVjv1sd8tGQVO4fgD6zPHxRDmpc=</latexit>

fi

fj

fij

fj

fi

fij
fijfj

fi
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Many papers in genetics claim to use 
multiplicative model but measure 
epistasis additively:

𝜖% = 𝑓&' − 𝑓&𝑓'
• “Chimeric” formula: a chimera of  

additive, multiplicative scales
• OK in practice: has same sign as 

multiplicative formula



Higher-order epistasis (3+ mutations)

Additive: 

Multiplicative:

Recent studies (Science 2018 + 2020) claim 
to use multiplicative fitness model but…

• Derive “chimeric” 3-way formula that 
combines additive, mult. Scales

• No guarantees: may have different sign versus 
multiplicative formula

Hard to trust reported interactions!

✏Mijk =
fijk

fifjfk✏Mij ✏
M
ik ✏

M
jk

=
fijkfifjfk
fijfjkfik

<latexit sha1_base64="S8WrlIXSu5VlHkbiW9rHFNu4l+c="></latexit>



Our contributions
1. Unify different epistasis formulas using probabilistic framework

Epistasis formulas = different parametrizations of  multivariate Bernoulli distribution (MVB) 

2. Reanalyze Science data – learning 3-way interactions in yeast – using correct formula

Our theory shows additive/multiplicative formulas are more statistically sound than chimeric formulas

Negative (antagonistic) 3-way interactions = functional redundancy

Using correct (mult.) formula finds ~500 more neg. interactions 
- Significantly enriched for functional similarity measures
- extends trigenic interaction network by 25%
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Sign disagreement leads to different biological 
findings

Multi-way drug 
interactions

3-way epistasis 
in yeast
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Reanalysis of  trigenic 
yeast interactions from 
Kuzmin et al. (Science 
2018/2020)


